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The very early universe at or near the Big Bang was in an extremely ‘special’ or ‘non-generic’ state
as implied by the existence of a thermodynamic arrow of time in the present universe. In this thesis,
I present and compare two theories - one proposed by Carroll and Chen and the other by McInnes
- that purport to explain the special initial conditions of our observable universe, and thus account
for the origin of the arrow of time. The approaches adopted by both theories contrast starkly.
Carroll and Chen first defined the most ‘natural’ dynamical evolution of an arbitrary state of the
universe before suggesting that our observable universe was a baby universe born out of spontaneous
inflation; McInnes first considered the concept of ‘creation from nothing’ in the context of string
theory proposed by Ooguri, Vafa and Verlinde in [1], then by studying the initial value problem of
gravity, drew the conclusion, based on various theorems in differential geometry, that the ‘earliest’
universe has to have the spatial topology of a flat torus so that the observable universe can possibly
come into existence with an ‘inherited’ arrow of time. I argue in preference of McInnes’ approach
(though not the theory in its entirety) over Carroll and Chen’s as it is qualified mathematically,
has geometry playing a central role in its account and took into considerations the initial value
problem of gravity, where the corresponding initial value constraints have yet to be taken into




This thesis is organized so as to provide a comprehensive comparison of the two theories on the
origin of the arrow of time - Carroll and Chen’s theory of spontaneous inflation and McInnes’ theory
of toral topology - presented in this thesis. Such an arrangement of material in the study of the
arrow of time is original. The list of criteria provided in §5 that a satisfactory theory on the origin of
the arrow of time must satisfy as well as the comparisons of the two theories in §8 are also original.
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It is generally believed that the thermodynamic arrow of time - a consequence of the Second Law of
Thermodynamics which in one of its many guises, postulates that ‘the entropy of an isolated system
which is not in thermal equilibrium will tend to increase over time’ - has a cosmological beginning.
The reason why we observe a thermodynamic arrow of time today is because the entropy of the
present universe is very low compared with how high it could be; the reason that the entropy of the
present universe is very low is because it was even lower in the past. Following this line of reasoning,
we are led to the conclusion that the thermodynamic arrow of time exists because the entropy of
the universe was extremely low at or near the Big Bang. In fact, based on reasonable assumptions,
Penrose had estimated in [2] the entropy of the universe at or near the Big Bang, at present and
the maximum entropy that it can possibly attain in the event where all matter in the observable
universe collapsed into a gigantic black hole1, or what is often termed the Big Crunch scenario. His
estimations implied that the probability of finding a universe with the conditions as found at the
Big Bang is about one part in 1010
123
. This is an extremely small probability. Therefore, we say
that the observable universe has special or non-generic initial conditions. The special or non-generic
initial state of the observable universe constitutes the origin of the arrow of time.
Recent developments in string theory - currently, the most promising quantum gravity theory -
have made the need to account for the origin of the arrow of time more pressing. This is because
the ability to explain the arrow of time is required if string-theoretical ideas about cosmology were
to be made to function. In effect, in the landscape of string theory, it is now realized that there
is no preferred vacuum but instead, there are about 101000 metastable vacuum-like states. Some
cosmologists believe that this somehow alleviates the problem of explaining the origin of the arrow of
time, whether in the string context or not, as the theory of inflation offers a mechanism to populate
just a small minority of the 101000 vacua. 101000, to these cosmologists, seems like a large number and
the probability of having, say one vacuum out of the 101000 vacua inflates to an universe like ours,
is likely to be reasonably big. However, as argued convincingly by McInnes in [3], 101000 is actually
1Note that the predicted maximum entropy state of a universe being represented by that of a black hole containing
all matter in the universe is not accepted by all cosmologists. As will be discussed later below, Carroll and Chen
believed that the ‘maximum’ entropy state of the universe is that of a near empty de Sitter space.
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extremely ‘small’, when compared to 1010
123
. To illustrate this, suppose the probability2 of a vacuum
being inflated to a universe like ours is one part in 1010
123
, where we have used the estimations by
Penrose. Then, in a landscape with 101000 string vacua, the probability of having one vacuum in the
landscape inflates to our universe would be, at best, approximately 101000 parts in 1010
123
, or one part
in 1010
123−1000 ≈ 1010123 , which is still an extremely small probability. Therefore, if the realization
that the landscape of string theory actually contains about 101000 metastable vacuum-like states do
alleviate the problem of explaining the special initial conditions of the universe, it certainly does not
help much. Simply having 101000 vacua in the landscape is insufficient to satisfactorily account for
the non-generic initial state of the observable universe.
One might be tempted to invoke anthropic reasonings to account for the origin of the arrow of
time. Generally, a person who favours anthropic explanations will argue along the line that the
initial conditions of the observable universe are special because they have to be special so that life
can be observed in it. However, as highlighted by Guth in [4], and his point of view is almost
certainly shared by the majority of cosmologists, anthropic reasoning should only be considered as
an explanation of last resort. This is because the acceptance of anthropic reasoning will mark the end
of hope that any precise and unique predictions can be made on the basis of logical deduction(see
[5]). Most cosmologists thus favor the pursuit of nonanthropic explanations for the origin of the
arrow of time.
As suggested by Wald in [6], there are two general approaches that one can adopt to account for
the special initial state of the observable universe without invoking anthropic principles:
(i) The initial state of the universe was, in fact, ‘completely random’. Dynamical evolutionary
behavior subjected to the laws of nature was responsible for making the initial state of our
observable universe special.
(ii) The universe simply came into existence in a very special state.
Wald remarked that viewpoint (i) is the one that is presently favored by the majority of cosmologists.
However, he argued that any explanation to the origin of the arrow of time borne out of viewpoint (i)
2One part in 1010
123
is the estimated probability that a universe is found with the conditions at the Big Bang. So
the probability that a universe is found with the right conditions for inflation will, as is generally believed by most




will only beget more questions and he does not believe that any conclusive or meaningful explanation
can be obtained if viewpoint (i) is pursued. On the other hand, he is more optimistic that viewpoint
(ii) can give an account to the non-generic initial state of the universe. However, adopting viewpoint
(ii) will inevitably lead to the question as to why the universe came into existence in a special state
and he acknowledged that he did not have any answer as to what principles or laws might govern
the creation of the universe.
In this thesis, I present two theories that purport to account for the origin of the arrow of time.
The first one was proposed by Carroll and Chen in [7](see also [8]), and their approach was based on
viewpoint (i) above. They suggested that spontaneous inflation can account for a locally observed
arrow of time in a universe that is time-symmetric on the ultra-large scales. The universe on the
ultra-large scales is ‘normally’ (in most of the spacetime) a nearly empty de Sitter spacetime, which
is a high entropy state. However, occasionally, thermal fluctuations will produce regions of inflation
that result in a large increase of entropy in that region, thus consequently, a locally observed arrow
of time. Our observable universe is located in one such region of the universe on the ultra-large
scales. The second theory was proposed by McInnes in [3](see also [9] and [10]). His approach was
based on viewpoint (ii) above. He first considered the concept of ‘creation from nothing’ in the string
theory context proposed in [1]. Then, analyzing the initial value problem of gravity and combining
the results of various theorems in differential geometry, he found that the initial value constraint
equations will greatly restrict the possible geometry of the spatial sections of the initial universe if
it had the topology of a torus. Particularly, the universe will only have an arrow of time if its initial
spatial topology is that of a flat torus. As mentioned in the preceding paragraph, Wald is in favor
that the universe came into existence in a very special state but he could not explain how this might
be the case. McInnes’ theory suggests that the initial value problem of gravity might provide such
an explanation, in which case it will not be unreasonable to consider the initial value constraint
equations as fundamental laws of nature - a possibility which, to the best of my knowledge, has not
been taken into serious consideration by physicists.
Here, I also provide a detailed analysis of the merits as well as the flaws of both theories, in
their explanations of the origin of the arrow of time. Comparing the two theories, I justify why I
believe it is more plausible to account for the non-generic initial state of the universe with McInnes’
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approach. In particular, I believe that the study of the initial value constraint equations formulated
in the initial value problem of gravity, or a version of their equivalent formulations in string theory,
might eventually enable us to satisfactorily explain why the universe came into existence in a special
state.
In accordance with my aim to provide an as clear and as self-contained as possible exposition on
the arrow of time problem as well as the two theories mentioned above that had been put forth to
solve it, this thesis is structured as follows: In §2, I formally introduce the concept of entropy, and
explain why and how gravity affects the evolution of an isolated system of particles in accordance
with the Second Law of Thermodynamics. I also present some other common arrows of time, and
explain how they are related to the thermodynamic arrow of time, which is the main arrow of interest
in this paper. The apparent contradiction between having time-symmetric microscopic physical laws
to time-asymmetric macroscopic observations is also elaborated in this section. In §3, I review some
of the essential concepts in cosmology. Readers familiar with cosmology should have no difficulty
following the rest of the thesis if they skip this section. The theory of inflation, which forms the
basis of Carroll and Chen’s as well as McInnes’ theory in accounting for the arrow of time, will be
introduced in §4. In §5, I outline three alternative approaches that might be used to account for
the arrow of time. Even though two of these alternative approaches do not seem very plausible
at present, there is no compelling evidence, at least to the best of my knowledge, that they can
be dismissed completely yet. I also discuss the two general approaches suggested by Wald, using
which the three alternative approaches can be suitably categorised, and list down the criteria that
I believe a plausible theory in explaining the arrow of time should fulfill. Carroll and Chen’s theory
is presented in §6 while McInnes’ theory is presented in §7. I conclude the thesis by comparing both
theories and explaining why I find McInnes’ approach a more credible one compared to Carroll and
Chen’s, in accounting for the origin of the arrow of time.
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2 Entropy, Arrows and Time-symmetrical Laws
As mentioned in §1 above, the main arrow of time of interest in this thesis is the thermodynamic
one. This arrow is provided by the Second Law of Thermodynamics, which suggests that time is
asymmetrical with respect to the amount of entropy in an isolated system. This asymmetry can
then be used to distinguish the future from the past, whereby typically, the future is associated with
higher entropy states while the past is associated with lower entropy states.
In this section, I define entropy. I discuss why and how the arrangement of particles in an isolated
system without gravity with high entropy(or low entropy) can differ greatly from that in an identical
isolated system where gravity is significant. I also introduce some other arrows of time, which are
usually attributed to observable phenomena other than the increase in entropy. I illustrate that
the thermodynamic arrow of time actually underlies some of these arrows. Lastly, it is commonly
stated that the physical laws of nature are time-symmetrical. I discuss in what sense are the physical
laws time-symmetrical, and discuss the apparent contradictions of having time-symmetrical laws in
a time-asymmetrical universe.
2.1 Boltzmann’s entropy
The modern definition of entropy was proposed by Austrian physicist Ludwig Boltzmann in 1877.
Boltzmann defined entropy as:
Definition 2.1. Entropy is a measure of the number of particular microscopic arrangements of
atoms that appear indistinguishable from a macroscopic perspective.
His formula for computing entropy is:
S = k logW (1)
where S denotes entropy, k denotes the Boltzmann’s constant and W is the number of microscopic
arrangements of a system that are macroscopically indistinguishable.
Boltzmann’s first major insight in the formulation of his definition of entropy was the realization
that in the consideration of some macroscopic systems, there is no need to keep track of the exact
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properties of every single atom in the system. As a classic example, consider a transparent glass
containing black coffee and milk, homogenously mixed. Suppose the positions of the molecules in the
mixture are randomly interchanged so that the overall temperature, density and other macroscopic
properties of the mixture remain the same, we will not be able to notice the difference. Now,
consider the situation where the glass contains black coffee with a layer of milk on top, i.e. the
milk has not been mixed with the coffee. If some molecules from the milk were interchanged with
molecules from the coffee, we will very soon notice the difference. This implies that there are more
different arrangements of particular molecules, in a homogenous mixture of coffee and milk than
in an unmixed configuration of coffee and milk, that are indistinguishable from our macroscopic
perspective. Therefore, we say that a homogeneously mixed glass of coffee and milk has higher
entropy than an unmixed one.
2.2 Entropy (when gravity is unimportant)
To more precisely illustrate the concept of entropy in the case where gravity is insignificant, let’s
consider the canonical example of a divided box of gas which has size lesser than its Jeans length3.
In this case, the gas pressure can conteract any tendency to undergo gravitational collapse so that
self gravitation is unimportant. The divided box of gas features a central partition with a hole, so
that every second, each gas molecule has a small chance to go through the hole to the other side
of the box. Here, without loss of generality, let’s suppose the divided box contains only 20 gas
molecules.
Figure 1 below shows a divided box of gas that starts in the two pictured initial states - the
20 molecules start off either in the left partition or in the right partition of the box. In both
cases, the gas spreads into states that look the same regardless of which partition was initially the
starting point. This dynamical behavior of gas molecules is what we would observe on Earth and
the dynamical process is termed diffusion.
Boltzmann’s definition and formula for entropy provide us with a statistical explanation as to
why diffusion takes place in the box. The main idea to note is that there are more ways for the
molecules to be (more or less) evenly distributed throughout the box than there are ways for them to
3All other factors being equal, the importance of gravitational forces between elements of a system is related to
the overall size of the system. The length scale that characterizes the critical size is called the ‘Jeans length’.
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Figure 1: A divided box of gas with two different, out-of-equilibrium initial conditions will evolve
towards equilibrium.
be concentrated on the same side. To see this, suppose the molecules in the box are numbered 1 to 20.
Then, there is only one way for all 20 molecules to be in one partition, and zero in the other partition.
For the case with 19 molecules in one partition and 1 molecule in the other partition, there are 20
ways - one for each of the specific molecule that could be the one in the other partition. With 18
molecules in one partition and 2 molecules in the other partition, there are 190 ways. We notice that
as we consider configurations whereby molecules are more and more evenly distributed throughout
the box, the number of possible arrangements of the molecules increase rapidly. The situation
corresponding to the largest number of different possible arrangements is when things are exactly
balanced: 10 molecules on the left and 10 molecules on the right. In this case, there are 184756
ways4 to arrange the molecules. Therefore, the reason why diffusion occurs when the molecules are
initially all in one partition of the box is because there are more ways for the molecules to be evenly
4In general, if there are n gas molecules in a divided box, then the number of possible arrangements of the molecules
such that there are r molecules on one side and n − r molecules on the other side is nCr. The above number can
become very large especially when we consider the equilibrium cases where the number of molecules, n, in the box
is large. For example, when n = 2000, and r = 1000, the number of possible arrangements, W is approximately
2× 10600. The logarithm in Boltzmann’s entropy equation serves to re-scale the typically large numbers of different
possible arrangements to numbers that are smaller(e.g. log(2×10600) ≈ 600.3). Logarithm also appears in the formula
because entropy is additive but the number of possible arrangements is multiplicative.
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distributed(corresponding to high entropy in this case) than concentrated on one side(corresponding
to low entropy in this case).
The above argument used to explain diffusion in the box can actually be generalized to ‘partially’
explain the Second Law of Thermodynamics as observed in our universe. Entropy tends to increase
in our observable universe because there are more ways to be high entropy than to be low entropy.
Such an explanation is only partial because it fails to account for the low entropy of the very early
universe, or equivalently, the origin of the arrow of time.
Both dynamical evolutions of the gas molecules as illustrated in Figure 1 exhibit an arrow of time.
If the dynamical evolutions were captured on a video camera, and the video was played backwards,
it would show a process that would never spontaneously occur in our everyday experience. The past
is when the molecules are all in one partition. The future is when the molecules are evenly spread
out.
As noted by Albrecht in [11], three critical factors are required to produce an arrow of time:
Special initial conditions, dynamical trends that are intrinsic to the equations of motion and a
choice of coarse graining.
Coarse graining is the act of ignoring certain aspects of microscopic states, so that many different
microscopic states are identified with a single coarse-grained (macroscopic) state. In the above
example, we have ignored the specific position or momentum of the individual molecule, where
normally, these information would constitute the phase space5 of the divided box of gas. In this
specific choice of coarse graining, we only take into account how many molecules are on the left
and right of the box. Coarse graining is critical in the observation of an arrow of time. The two
initial conditions evolve into different microscopic states - none of the molecule shares the same
specific position and momentum. Without coarse graining, we will only observe ever-changing
microscopic states, and there would be no such thing as ‘equilibrium’. The reason why a single
state of ‘equilibrium’(10 molecules on the left and right respectively) can be conceived is because
the subtle differences in the microscopic states have been ignored. In addition, coarse graining is
essential to identify the approach to equilibrium. Without coarse graining, one could only identify
5The phase space is a space in which all possible states of the system are represented, with each possible state of
the system corresponding to one unique point in the phase space. For mechanical systems, the phase space usually
consists of all possible values of position and momentum variables.
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the microscopic evolutions of individual states, and would be unable to identify any dynamical trend.
There would then be no notion of the arrow of time.
In fact, it is possible to formally coarse grain in a manner such that an isolated system does not
exhibit an arrow of time(see [11]). As evidenced from Boltzmann’s definition of entropy, the ‘number
of microscopic arrangements that appear indistinguishable from a macroscopic perspective’ is pretty
subjective. Whose ‘macroscopic perspective’ do we consider in the computation of entropy? In fact,
some cosmologists have raised their concerns on the fact that a system may or may not exhibit an
arrow of time actually depends on the particular choice of coarse graining(for instance, see [12]).
These cosmologists wish that the arrow of time can be defined in more absolute terms. On the other
hand, there are cosmologists who are not concerned by the ambiguity pertaining to coarse graining.
They either view the ambiguity as a natural consequence of what kind of measurements one can
actually make([11]) or believe that the theory of entropy is robust because in general, uncertainty on
the number of microscopic states that are macroscopically indistinguishable do not affect much the
relative values of the entropy of the coarse-grained states([13]). Some of them also argue that the
uncertainty principle in quantum physics makes coarse graining a necessary procedure. Nonetheless,
we should remain mindful of the discontent with regards to the fact that the amount of entropy
depends on the choice of coarse graining. However, for the rest of this thesis, I will take refuge
in conventionality and ignore this subtlety concerning the lack of objectivity in the definition of
entropy.
As mentioned above, special initial conditions and dynamics are two other key factors that are
required for an arrow of time. In Figure 1, the initial conditions were deliberately chosen so that they
correspond to low entropy states, so that an arrow of time can then manifest. However, if the initial
conditions were chosen to be the equilibrium state, there will be no arrow of time. Similarly, if the
dynamical evolutions of the molecules were such that the molecules were constrained to remain in
one partition, there will also be no arrow of time. Thus, the three factors - special initial conditions,
dynamical trends and coarse graining - are interconnected and are all required in order for an arrow
of time to manifest.
Before I begin the discussion on the behavior of entropy in the presence of gravity, I would like
to highlight an interesting characteristic of the arrow of time due to the (almost always) persistent
9
increase of entropy in an isolated system. In effect, such an arrow of time would only be ‘temporary’.
This is because it is statistically possible for a system to spontaneously evolve from a high entropy
state to a low entropy state. In a more realistic setup compared to that in Figure 1, there would be
a lot more molecules in the isolated system. It will then take, on average, an incredibly long time
before a large fluctuation occurs so that the system transits to a lower entropy state. Due to the
large number of microscopic states associated to the equilibrium coarse-grained state, it is stable.
Although the microscopic state of the system may be constantly evolving from one state to another
but these states would remain macroscopically indistinguishable most of the time. By the preceding
discussion, if one observes a random box of gas, it will be at equilibrium most of the time, exhibiting
no arrow of time. However, at extraordinarily rare moments, there will be a large fluctuation out of
equilibrium and the subsequent evolution of the molecules will exhibit an arrow of time. It has been
suggested, not least by Boltzmann himself, that our observable universe came into existence due to
one such fluctuation out of equilibrium. As the universe is currently evolving back to its equilibrium
state, an arrow of time is exhibited. However, as is highlighted in §6 and §8 below, this argument
for the origin of the arrow of time is anthropically and physically not robust.
2.3 Entropy (when gravity is important)
In the study of entropy where self-gravity is unimportant, there is the general impression that high
entropy states are homogenous while low entropy states are lumpy. A box of gas has high entropy
when all the gas molecules are evenly distributed throughout the box; it has low entropy when the
molecules are lumped together (in a particular partition).
This generalized picture of high entropy and low entropy states can become misleading when
one seeks to understand the evolution of entropy in cases where gravity is significant. Consider a
box of gas with size greater than its Jeans length. Due to the equations of motion associated with
self-gravitation, the molecules in the box, if they were originally evenly distributed throughout the
box, will evolve such that they become more and more lumped together. The dynamical trend,
in this case, is that of gravitational collapse. General relativity provides an effective cutoff to this
dynamical process via the formation of black holes. The equilibrium state attained, in the context
10
where self-gravity is important, is thus that of a black hole6. The entropy of a black hole can be
defined and is given by the Bekenstein-Hawking entropy:
SBH = 4piM2 (2)
where M denotes the mass of the black hole.
Figure 2: When gravity is not important, increasing entropy tends to make the system more homo-
geneous. When gravity is important, increasing entropy tends to make the system more lumpy.
Figure 2 illustrates the differences in the dynamical evolutions of particles as entropy increases
in the cases where gravity is unimportant and important. Even though the respective dynamical
evolutions contrast starkly - when gravity is unimportant, increasing entropy tends to smooth things
out but when the effects of gravity cannot be ignored, matters tend to lump together as entropy
increases - the dynamical trends in both cases are clear. In particular, for an isolated system where
gravity is important, it tends to evolve from a homogenous state, corresponding to low entropy, to
a lumpy state, corresponding to high entropy. This clear dynamical trend, together with the special
initial condition and coarse graining, allows an arrow of time to manifest.
6This view is not shared by Carroll and Chen. Their argument is presented in §6.
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The observation that in the presence of gravity, low entropy states are homogeneous while high
entropy states are lumpy, was first pointed out by Penrose in [13]. His insight was crucial. This
is because there were overwhelmingly strong reasons to believe that in the very early universe,
matter was (very nearly) uniformly distributed and (very nearly) in thermal equilibrium at uniform
temperature. This gave the impression that the very early universe was in a state of high entropy,
which appeared to be contradictory to the Second Law of Thermodynamics whose existence has
implied that the very early universe was in a state of extremely low entropy. Penrose’s interpretation
of entropy in the presence of gravity successfully resolves this contradiction - a smooth universe at
thermal equilibrium is indeed a state of low entropy.
Penrose was able to back up his insights with numerical approximations of the amount of entropy
at the very early universe, at present and in the future if all matter were to undergo gravitational
collapse, and coalesce in a black hole. The arguments for his approximations7 are briefly as follows:
For the very early universe, the contents of the universe can be treated as a conventional gas in
thermal equilibrium and the entropy at this time can be approximated using Boltzmann’s entropy
formula given by (1) with one additional feature: Most of the particles in the very early universe are
photons and neutrinos which moved at or close to the speed of light. Relativity is thus important.
Up to some numerical factors that did not affect the approximation much, the entropy of a hot gas
with relativistic particles is simply equal to the number of such particles. In the very early universe,
there is approximately 1088 such particles. Thus
Searly ≈ 1088
where Searly denotes the entropy of the very early universe.
For our present universe, matter have condensed into galaxies and other cosmological structures
and the entropy has increased considerably. Penrose approximated the entropy of the present uni-
verse by the entropy of that of all the supermassive black holes that are believed to exist in the
center of all galaxies in the observable universe. A single supermassive black hole, a million times
the size of the Sun, has an entropy, according to the Bekenstein-Hawking given in (2), of 1090. Since
there are about 1011 galaxies in the observable universe, there will be about 1011 such supermassive
7see [13] and [8] for more details
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black holes. Thus, the entropy of the present universe is
Stoday ≈ 10101
Finally, to estimate the maximum entropy of the observable universe, Penrose envisaged that this
might be obtained in the case where all matter in the observable universe collapsed into one gigantic
black hole. Using what we know about the total mass contained in the universe, and using the
Bekenstein-Hawking formula in (2), he obtained that
Smax ≈ 10123
Since entropy is the logarithm of microscopic states that are macroscopically indistinguishable,
by Penrose’s approximations, the early universe was in one of 1010
88
different states. However,
it could be in any of the 1010
123
states, which was the number highlighted in our introduction,
that are accessible to the universe. 1010
123
is actually very much larger than 1010
88
. This is why
the initial state of the universe is said to be very special. In order to satisfactorily explain the
arrow of time, it is thus imperative that we account for the non-generic initial state of the universe.
Penrose’s interpretation of the concept of entropy in the presence of gravity, together with Einstein’s
formulation of general relativity which closely relates gravity to geometry, imply that the geometry
of the very early universe might be the reason why the very early universe had low entropy. McInnes’
theory is one that latched onto this hint and suggests how the geometry of the very early universe
might indeed account for the origin of the arrow of time.
2.4 Other arrows of time
In the literature, a few other apparently independent arrows of time have often been discussed in
conjunction with the thermodynamic one. Here, I briefly list a few of these arrows and explain how
the thermodynamic arrow might account for some of them. A more detailed discussion can be found
in [13] and [11]. For readers with no quantum mechanics or particle physics background, [2] and [8]
provide a comprehensive and non-technical introduction to the subject.
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Psychological arrow
The psychological arrow of time is provided by the fact that events in the past are remembered
but events in the future are not. This arrow points in the direction of increasing memory or in-
formation. Due to the lack of a fundamental understanding of human thought processes, there are
many different views on the psychological arrow. However, most physicists have now adopted the
view that the psychological arrow is underlied by the thermodynamic one. To illustrate, consider
the action of recording a piece of information by writing it with a pen on a piece of blank paper. The
fact that information can be safely recorded in such a manner is because the pen and the piece of
paper with information recorded on it has considerably higher entropy than the pen and the original
piece of blank paper. We do not expect a sudden loss of information because it is overwhelmingly
improbable than the ink on the paper will flow back into the pen spontaneously. Thus, if the psy-
chological arrow is related with the recording of information, its existence can be accounted for by
the thermodynamic arrow.
Radiative arrow
The observation that a radiative wave8 (almost) always expands outwards from its source provides
us with the radiative arrow of time. To illustrate the radiative arrow of time, consider an airport
control tower emitting a signal to an incoming aeroplane to inform it of its landing position. The
antenna of the aeroplane absorbs and processes the signal. The aeroplane lands safely and parks
at the airport, say until the next afternoon. Due to the radiative arrow of time, the personnel
of the airport control tower can be confident that the antenna of the aeroplane does not, at any
time, re-emit the signal; otherwise, the re-emitted signal might be picked up by another incoming
aeroplane, which then, following the instructions of the signal, attempts to land in the exact same
spot as the previous aeroplane, only to crash into it, leading to a major accident. The antenna in
this example can of course be generalized to other objects, such as the wall of a building or even
cosmological structures. In any case, we do not expect a radiation-absorbing object to re-emit the
radiation because it will require a fall in entropy for it to do so. Therefore, the radiative arrow of
8In fact, this arrow can be equally applied to any other types of waves such as sound waves or waves formed by
ripples in a pond.
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time may also be accounted for by the thermodynamic arrow9.
Cosmological arrow
The cosmological arrow of time arises from the observed expansion of the universe. It is as yet
unclear if the thermodynamic arrow and the cosmological arrow are related. In fact, the current
understanding of the thermodynamic arrow is such that the universe, when its size is small, can be
in both a low entropy or high entropy state. This is illustrated above, in our discussion of Penrose’s
estimate of the amount of entropy of our observable universe at the Big Bang and in a Big Crunch
scenario. The universe at the Big Bang has extremely low entropy but at the Big Crunch, has
extremely high entropy. In both scenarios, the size of the universe is very small. In other words, it
appears at the moment that the thermodynamic and cosmological arrows may be independent10.
Quantum arrow
In classical mechanics, the state of a particle is specified by its position and its momentum. In
quantum mechanics, the state is specified by the wave function. The amplitude squared of the wave
function gives the probability that the particle is in a particular state. The dynamical evolution of
the wave function is normally described by the Schrodinger’s equation. However, once a particle has
been observed, the evolution of its wave function can no longer be described by the Schrodinger’s
equation alone; instead, it has to be supplemented by a procedure known as ‘collapse of the wave
function’. This interpretation of quantum mechanics is known as the Copenhagen interpretation,
which has been put forth as an explanation to the profound changes to the wave function of a particle
once it has been observed. Since a wave function never un-collapses, quantum mechanics provides
an arrow of time under the Copenhagen interpretation.
However, the Copenhagen interpretation has not gained universal acceptance by the physicists.
In fact, many physicists now subscribed to the many-worlds interpretation, which suggests that the
apparent collapse of a wave function in the event of an observation required in the Copenhagen inter-
9Note that the equations governing wave propagations actually allow for both convergent and radiative waves. In
effect, very carefully constructed experiments had successfully produced convergent waves. This is another evidence
that the radiative arrow may be underlied by the thermodynamic one in the sense that the probability for the initial
conditions of producing convergent waves in our universe is much lower than that for the initial conditions of producing
radiative waves.
10Personally, this appears to be a puzzling case as it is natural to hope that there is only one true arrow of time
that underlies all the other arrows. A possible way to explaining why there might only be one arrow is to show that
the scenario of an ever expanding universe is overwhelmingly more possible than a Big Crunch scenario. However, at
the moment, there is no strong evidence for us to conclude that this will be the case.
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pretation can be explained by requiring that the state of the observer be also taken into account in
the wave function. According to the many-worlds interpretation, the wave function would then just
evolve smoothly according to the Schrodinger’s equation, and there will be no quantum arrow of time.
Particle physics arrow
Time asymmetry in particle physics has been observed in the decay of kaon. The kaon is a
type of meson with zero net charge. By convention, the kaon with a down quark and a strange
anti-quark is called the neutral kaon while that with a strange quark and a down anti-quark is called
the neutral antikaon. Both have precisely the same mass. These special properties allow the kaon
to decay into the antikaon and also, the antikaon to decay into the kaon. Such a process is called
oscillation. Time asymmetry in oscillation can be ascertained if one decay process takes longer than
the other. Experiments have now verified that the process of going from a kaon to an antikaon takes
slightly more time than the process of going from an antikaon to a kaon. Thus the decay of kaons
demonstrates time asymmetry in the realm of particle physics.
However, the dynamical laws in particle physics are known to satisfy the CPT theorem. The
CPT theorem contends that the physical laws are symmetric under transformations that involve the
inversions of charge, parity11 and time simultaneously. In particular, the CPT theorem implies that
time asymmetry inherent in certain subatomic interactions, such as kaon decay, may be “fixed up”
if we replace particles by anti-particles. In other words, if the arrow of time were to point in the
opposite direction, the only difference to our universe would be that the definitions of particles and
antiparticles would be reversed.
2.5 Time-symmetrical laws and the contradiction to time-asymmetrical
macroscopic observations
It is often stated that the physical laws of nature are time-symmetrical. Strictly speaking, they
are CPT-symmetrical, due to the CPT theorem mentioned above. For instance, time symmetry
is violated in the dynamics governing certain subatomic interactions such as kaon decay, but CPT
symmetry is preserved or at least, there is as yet no conclusive experimental result to suggest that
11Note that parity inversion is the reversal of sign of one of the spatial coordinates.
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there is CPT violation. CPT symmetry is thus believed to be a fundamental symmetry of all physical
laws. The CPT theorem implies that time symmetry would always be present if the time reversal
transformation is performed together with a charge conjugation and parity transformation. For this
reason, in the rest of this thesis, when I talk about the ‘time-symmetrical laws of nature’, I am taking
them to imply all dynamical laws of nature, even those that might only respect CPT symmetry but
violate time symmetry.
The existence of time-symmetrical physical laws of nature in a universe with time asymmetri-
cal macroscopic observations leads to what is known as the Loschmidt’s or irreversibility paradox.
This paradox suggests that it should not be possible to deduce an irreversible process from time-
symmetrical dynamics. In particular, the Second Laws of Thermodynamics, which describes the be-
havior of macroscopic systems, should not be able to be inferred from the time-symmetrical physical
processes. Yet, both the time-symmetrical laws of nature and the Second Law of Thermodynamics
are well-accepted principles of physicals, supported by strong theoretical and experimental results.
Thus, the paradox.
As described in §2.4 above, the thermodynamic arrow of time, provided by the Second Law of
Thermodynamics, can account for the psychological and radiative arrow. One might be tempted to
use the cosmological arrow to explain the thermodynamic one, but this does not seem possible as it
has been shown by Penrose that the amount of entropy of the universe seems to be independent of its
size. Neither does it seem possible to use the particle physics arrow to account for the thermodynamic
one since the situations in which time symmetry in particle physics is violated rarely occurs but time
asymmetry is almost always observed in macroscopic observations. Furthermore, as a result of CPT
symmetry, reversal of the time direction is equivalent to renaming particles as antiparticles, so that
the Loschmidt’s paradox is unlikely to be explained via the particle physics arrow.
It follows that the Second Law of Thermodynamics is most likely to originate from the extremely
low entropy of the very early universe, which is what Carroll and Chen as well as McInnes attempted
to account for in their theories. However, the task is by no means straight forward. As argued
convincingly by Price in [14], if we were to admit time-symmetrical laws as a fundamental feature of
our universe, then we should not treat the initial conditions of the universe any differently from its
final conditions. Otherwise, we would be violating the ‘double standard principle’ or equivalently,
17
be guilty of ‘cosmic hypocrisy’, a term coined by McInnes in [3]. In other words, any theory
which purports that the very early universe began in a state of low entropy, which is suggested by
cosmological observations, would have to accept and explain why the late universe has low entropy
as well. Similarly, any theory that purports that the late universe would be in a state of high entropy,
as suggested by the dynamics of gravitational collapse, would have to explain why the early universe
was in a state of high entropy, which would then be contrary to our cosmological observations.
Therefore, any theory that seeks to account for the origin of the arrow of time must show that it
is not guilty of ‘cosmic hypocrisy’, which as Price has pointed out in [14], had been the pitfall of
many cosmologists. As an ending remark to this section, I would like to point out that Penrose had
not been cosmically hypocritical, even though he clearly believed that the very early universe was
in a state of low entropy while the late universe would be in a state of high entropy. This is because
he believed that the fundamental laws of nature might be asymmetrical (see [13]), a possibility that
cannot be totally ruled out at the moment.
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3 Essential Concepts in Cosmology
The Second Law of Thermodynamics, and the arrow of time it provides, cannot be accounted for by
any other arrows of time that have been observed in our universe. As highlighted in §2.4 and §2.5, the
thermodynamic arrow is probably responsible for the psychological and radiative arrow. There will
be no arrow of time in quantum mechanics if the many-worlds interpretation is proven to be correct.
The cosmological arrow appears to be an independent arrow while the particle physics arrow does
not underlie the thermodynamic arrow due to the inherent CPT symmetry. Therefore, the most
plausible way in which we can explain why the entropy of our observable universe almost always
increases is by accounting for the extremely low entropy of the very early universe. We say that the
thermodynamic arrow has a cosmological beginning. In order to account for the thermodynamic
arrow, it is thus imperative to first understand the major concepts in cosmology.
In this section, I review some of the essential cosmological concepts. I first introduce the cos-
mological principle, which underlies the standard cosmological models. I then consider spacetimes
which are spatially homogenous and isotropic. These spacetimes, whose metrics are of the Robertson-
Walker type, provide an approximate description to our real world. Next, considering Robertson-
Walker metrics in the context of Einstein’s general relativity, I derive the Friedmann equations.
The Robertson-Walker metrics which obey Friedmann equations define the Friedmann-Robertson-
Walker(FRW) cosmological model, which allows us to describe the dynamical evolution of our uni-
verse. This model is also often known as the standard Big Bang model. I conclude this section by
highlighting the success of the standard Big Bang model in describing the past evolution of the uni-
verse in accordance with two pieces of significant cosmological observations that other cosmological
models are otherwise, incapable of accounting for. There remains, however, some cosmological data
that is not accounted for in FRW cosmology and I list them in the concluding subsection.
To keep the review brief, not all cosmological results presented here will be proven. Instead,
for those results for which the proofs are not illustrated, I indicate references to their proofs for
interested readers. The reader is assumed to be familiar with the basic concepts in general relativity
and differential geometry. For readers who are not, they can refer to [15] or [16], and [17] or [18]
for an introduction to general relativity and differential geometry respectively. My review of the
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cosmological concepts below follows largely that of Chapter Five of [15] and Chapter Eight of [16].
3.1 Cosmological principle: fundamental observers, homogeneity and isotropy
Almost all cosmological models today are based on the cosmological principle, which is composed of
two assumptions:
(i) There exists a family of fundamental observers in free fall in the universe.
(ii) The universe is homogeneous (it looks the same to all observers) and isotropic (it looks the
same in all directions for any fundamental observers).
The world lines of the fundamental observers are geodesics which span the spacetime, M . Their
proper time, τ , is known as cosmic time. The instantaneous space of an observer located at a point p
of M is the hyperplane Tp orthogonal to the tangent vector u to its world line. It is only meaningful
to speak of homogeneity relative to fundamental observers if they share common space manifolds,
i.e. their world lines are orthogonal to space sections, whose tangent plane is Tp. The spacetime M
is then a product N × R. The lines {p} × R are timelike geodesics while the leaves Nτ = N × {τ}
are spacelike. The four-dimensional spacetime metric, (4)g, can be expressed as follows:
(4)g = −dτ2 + (3)h(τ) (3)
where τ is the cosmic time and (3)h(τ) is a Riemannian metric on N , that depends on τ . A spacetime
satisfying the cosmological principle is a Lorentzian manifold (N ×R, (4)g), with a metric as in (3),
such that for each τ , the Riemannian manifold (N, (3)h(τ)) is homogeneous and isotropic.
The concepts of homogeneity and isotropy have precise mathematical formulations. The homo-
geneity of a Riemannian manifold is defined as follows:
Definition 3.1 (Homogeneity). A Riemannian manifold, (N,h), is said to be homogeneous if for
any points p, q ∈ N , there exists an isometry of the metric h which maps p into q.
The isotropy of a Riemannian manifold can be defined through its sectional curvature.
Definition 3.2 (Sectional curvature). The sectional curvature at a point p of a Riemannian
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manifold (N,h), relative to a 2-subplane Π of the tangent space TNp, is the number
K(Π) =
R(X,Y,X, Y )
h(X,X)h(Y, Y )− h(X,Y )2 (4)
where R denotes the Riemann curvature tensor of h, and X,Y ∈ TNp are linearly independent.
K(Π) is independent of the choice of X and Y 12.
Definition 3.3 (Isotropy). A Riemannian manifold, (N,h), is said to be isotropic at p ∈ N if its
sectional curvature K(Π) at p is independent of the choice of the 2-plane Π.
A priori, there is no necessary relationship between homogeneity and isotropy. For instance, a
manifold can be homogeneous but nowhere isotropic: an example is R×S2 with its usual metric. Or,
a manifold can be isotropic around a point without being homogeneous: an example is a cone which
is not homogeneous but is isotropic around its vertex. However, if a manifold is isotropic around one
point and is homogeneous, it will be isotropic everywhere. The assumption of spatial homogeneity
and isotropy in the cosmological principle has been strongly validated by cosmological observations.
Although our universe is clustered by galaxies over different distance scales, the distribution of
galaxies appears to be homogeneous and isotropic on the largest scales. More significantly, the 3K
cosmic microwave background (CMB) had been observed to be isotropic to a very high precision,
the deviations from regularity are on the order of 10−5 or less. This suggests that the universe
is spatially isotropic from our vantage point. In addition, physical phenomena, in particular the
fundamental constants, seems to be the same everywhere in the universe, supporting the case that
the universe is actually spatially homogeneous. Therefore, the assumption of spatial homogeneity
and isotropy actually provides an appropriate description, albeit only an approximate one, of our
universe.
I conclude this subsection by stating and proving a theorem which is extremely important in
that its validity helps to reduce the number of possible spatial geometries which a homogeneous and
isotropic universe might take.
First of all, let’s define what it means for a Riemannian manifold to be a space of constant
curvature.
12See [19] for the proof of the independence of K(Π) from the choice of X and Y in Π.
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Definition 3.4 (Space of constant curvature). A Riemannian manifold, (N,h), is said to be
a space of constant curvature if it is isotropic at each point p ∈ N and the sectional curvature is a
constant on N .
The theorem is as follows:
Theorem 3.5. If a Riemannian manifold, (N,h), is isotropic at each point, it is a space of constant
curvature.




XaXaY bYb − (XaYa)2 (5)
where Einstein summation convention has been used, such that repeated upper and lower indices
are summed over all of their possible values.
Next, if the Riemannian manifold is isotropic at a point p, then its Riemann tensor at p takes
the form
Rabcd(p) = K(p)(hachbd − hbchad)(p) (6)
where K(p) denotes the sectional curvature at the point p. (6) is obtained simply by multiplying
hachbd − hbchad to both sides of (5).(see [20] for the details).
Now, if the Riemann tensor is given by (6), then its Ricci tensor and scalar curvature are given
by
Rac = Rabcdhbd









respectively, n being the dimension of N . Then, using the Bianchi identity, ♦{(∇XR)(Y, Z)} = 0,
where ♦Q(X,Y, Z) = Q(X,Y, Z) + Q(Z,X, Y ) + Q(Y,Z,X) stands for a cyclic sum of a tensor Q
with covariant degree 3 and ∇ denotes the metric connection of h, we get







δ in the second equality above denotes the Kronecker delta. Thus, if n > 2, K is a constant.
Note that the requirement that a manifold is homogeneous will also separately imply that K
must be constant. I will not prove this here but refer the interested reader to page 94 of [16] for the
proof.
3.2 Robertson-Walker metrics
The task of determining all possible spatial geometries of a homogeneous and isotropic universe is
greatly reduced thanks to Theorem 3.5 above. This is because any two spaces of constant curvature
of the same dimension and metric signature, which have equal values of K are (locally) isometric
(see [15] for proof). Consequently, the possible spatial geometries of our (strictly speaking, a good
approximation of our) universe can be fully determined by finding spaces of constant curvature
encompassing all values of K.
This is not difficult. For the case K = 0, the spatial geometry of the universe will have zero
curvature. The spatial manifold of the universe will then correspond to ordinary three-dimensional
flat space. In Cartesian coordinates, the metric is
ds2 = dx2 + dy2 + dz2
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Globally, the spatial geometry might be R3, or it might actually be described by a more complicated
manifold such as the three-torus S1 × S1 × S1.
For the case K > 0, the spatial geometry of the universe corresponds to that of 3-spheres, which
may be defined as surfaces in four-dimensional flat Euclidean space R4 whose Cartesian coordinates
satisfy:
x2 + y2 + z2 + w2 = r2
In spherical coordinates, the metric of the unit 3-sphere is:
ds2 = dψ2 + sin2 ψ(dθ2 + sin2 θdφ2)
Finally, for the case K < 0, the spatial geometry of the universe corresponds to three-dimensional
hyperboloids, defined as surfaces in a Minkowski space, whose global inertial coordinates satisfy:
t2 − x2 − y2 − z2 = r2
In hyperbolic coordinates, the metric of the unit hyperboloid is given by:
ds2 = dψ2 + sinh2 ψ(dθ2 + sin2 θdφ2)
Before the theory of general relativity was introduced, it was assumed that space had the flat struc-
ture given by the case K = 0. However, the framework of general relativity, under the assumption of
spatial homogeneity and isotropy of the universe, led to two new possibilities for the global spatial
structure of the universe, namely the cases where K > 0 and K < 0. For the case K > 0, the
universe is finite but has no boundary. We say that the universe is “closed”. For the cases where
K = 0 or K < 0, the universes have noncompact spatial sections. We say that the geometries are
“open”. It remains an area of active research whether the universe is closed or open.
Recall the metric described by (3) in §3.1 above. By our discussion in this subsection, (3)h(τ)
is the metric of either (a) a sphere, (b) a flat Euclidean space, or (c) a hyperboloid on Στ . Note
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that convenient coordinates may be prescribed on the four-dimensional spacetime as follows. First,
choose either (a) spherical coordinates, (b) Cartesian coordinates, or (c) hyperbolic coordinates on
one of the homogeneous and isotropic hypersurfaces. These coordinates can be “transported” to
each of the other homogeneous and isotropic hypersurfaces by means of the fundamental observers:
assign a fixed spatial coordinate label to each fundamental observer, and label each hypersurface by
the proper time, τ , of a clock carried by any of the fundamental observers. Thus, τ and the spatial
coordinates will label each event in the universe. Expressed in these coordinates, the spacetime
metric takes the form:
ds2 = −dτ2 + a2(τ)

dψ2 + sin2 ψ(dθ2 + sin2 θdφ2)
dx2 + dy2 + dz2
dψ2 + sinh2 ψ(dθ2 + sin2 θdφ2)
(7)
The three possibilities above correspond to the three possible spatial geometries. The form of the
metric given by (7) is called the Robertson-Walker (RW) metric. It follows that in order to determine
the spacetime metric of the universe, under the assumption of homogeneity and isotropy, we are left
to determine which one of the three spatial geometries do our universe possess as well as the positive
function a(τ), also known as the scale factor. To do this, we need to consider the RW metric in the
context of Einstein’s general relativity.
3.3 Friedmann-Robertson-Walker cosmological model
Recall that Einstein’s equation of general relativity is
Rµν − 12Rgµν = 8piGTµν (8)
where Rµν denotes the Ricci tensor, R the scalar curvature and Tµν the energy-momentum tensor.
Einstein’s equation relates the curvature of the spacetime metric g to the matter distribution in
spacetime. It can also be rewritten in the form
Rµν = 8piG(Tµν − 12gµνT ) (9)
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where T denotes the trace of the energy-momentum tensor.
The RW metric given by (7) is actually defined for any behavior of the scale factor a(τ). However,
in order to predict the dynamical evolution of the universe, we need to relate the scale factor to the
energy-momentum of the universe. This can be done by substituting the RW metric into Einstein’s
equation.
We first need to describe the matter content of the universe in terms of Tµν , which features in
the right-hand side of Einstein’s equation. For simplicity, matter and energy is normally chosen to
be modeled by a perfect fluid. The energy-momentum tensor of a perfect fluid is given by:
Tµν = (ρ+ p)UµUν + pgµν (10)
where ρ and p denote the energy density and isotropic pressure of the fluid respectively, U is its
four-velocity vector. Note that there is no loss of generality in restricting consideration to Tµν of
this form as it is actually the most general form Tµν can take, which is consistent with homogeneity
and isotropy.
Substituting the RW metric in (7) and the energy-momentum tensor of perfect fluid in (10) into
the Einstein’s equation in (9), we find that the µν=00 equation is
−3 a¨
a
= 4piG(ρ+ 3p) (11)











= 4piG(ρ− p) (12)
k is a constant with values either −1, 0 or +1 for the 3-sphere, flat space or hyperboloid respectively.
Due to isotropy, there is only one distinct equation from the µν = ij equations. Substituting the


















(13) and (14) are together known as the Friedmann equations. Note that the Friedmann equations,
together with an equation of state, provides a system of three ordinary differential equations that
determine the time evolution of a, ρ and p. RW metrics that obey these equations define Friedmann-
Robertson-Walker (FRW) cosmological models.
One implication of the Friedmann equations is that the universe will never be static, as long
as ρ + 3p 6= 0. This follows from (14), whereby a¨ 6= 0 as long as the preceding condition on
the energy density and pressure is satisfied. Thus, the universe should always be expanding, if
a˙ > 0, or contracting, if a˙ < 0, with the possibility of an instant of time when expansion changes
over to contraction. The nature of the expansion or contraction is such that the distance scale
between all fundamental observers changes with time, but there is no preferred center of expansion
or contraction.










where H(τ) = a˙a is called Hubble parameter. (15) is known as Hubble’s law. Evident from the
Hubble’s law, Hubble parameter characterizes the rate of expansion of the universe. Its value at
the current epoch is the Hubble constant, H0, which is measured to be approximately 70 ± 10
km/sec/Mpc, where Mpc stands for megaparsec, which is 3.09 × 1024cm. I should point out here
that the expansion of the universe in accordance with (15) has been confirmed by the observation
of the redshifts of distant galaxies13.
When Einstein first introduced general relativity, he was unhappy that it predicted a dynamic
13These observations were first observed by Hubble in 1929.
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universe. As a result, he modified his equation (8) by adding a new term as follows
Rµν − 12Rgµν + Λgµν = 8piGTµν (16)
where Λ is a new fundamental constant of nature, called the cosmological constant. With Λ, static
solutions to the Einstein equation may be obtained but these solutions are unstable. After the
universe was observed to be expanding, the original motivation for Λ was lost. However, after the
universe was observed to be expanding at an accelerating rate in 1998, the cosmological constant
has been reintroduced in Einstein’s equation to represent dark energy, which is supposed to account
for the accelerating rate of expansion of the universe. Vacuum energy is one possible source of dark
energy and it is usual that cosmologists use the terms dark energy, vacuum energy and cosmological
constant rather interchangeably.
It is necessary to point out that all solutions to the FRW cosmology predict a singularity at a = 0
known as the Big Bang; for this reason the FRW cosmological model is also known as the standard
Big Bang model. If we posit that the matter content in the universe constitutes either matter,
radiation, nothing so that the spatial curvature of the universe acts as a fictitious energy density,
or any combination of the above with or without vacuum energy, and we solve for the Friedmann
equations, we will find that the scale factor is proportional to some power of time. In these cases, at
time zero, the scale factor is equal to zero(see page 340 of [16] for the details). At the Big Bang, the
distance between all “points of space” was zero; the density of matter and the curvature of spacetime
was infinite. Note that the Big Bang represents the creation of the universe from a singular state,
not an explosion of matter into a pre-existing spacetime as might be suggested by its name. It was
hoped for a period of time that a singularity arises in the framework of general relativity because of
the assumption of homogeneity and isotropy. However, the singularity theorems of general relativity
(see Chapter 9 of [15]) show that singularities are generic features of cosmological solutions, as long
as the typical energy conditions assumed of the matter content in the universe hold.
With Friedmann equations, the future dynamical evolution of the universe can be predicted. It
is however, useful to first derive an equation for the evolution of the energy density. By multiplying







Now, if we substitute the equation of state that perfect fluids relevant to cosmology obey, i.e.
p = wρ (18)
where w is assumed to be a constant independent of time, into (17), we get
ρ˙
ρ
= −3(1 + w) a˙
a
(19)
Integrating the above equation, we obtain
ρ ∝ a−3(1+w) (20)
Two most popular examples of perfect fluids are matter and radiation. Matter is any set of collision-
less, slow-moving particles, whose pressure are effective zero.
pM = 0
Examples of matter include ordinary stars and galaxies, for which on the cosmic scales we are
concerned with, may be idealized as “grains of dust”. From (20), we deduce that the energy density
in matter decreases with respect to the scale factor according to
ρM ∝ a−3 (21)
Radiation describes electromagnetism or massive particles moving at velocities sufficiently close to






Again, from (20), the energy density in radiation decreases with respect to the scale factor according
to
ρR ∝ a−4 (23)
Comparing (21) and (23), we see that the energy density in radiation falls off faster than that in
matter with respect to the scale factor. It is believed that the radiation energy density today is
negligible compared to that of matter, with ρMρR ∼ 103. However, since the scale factor is actually
a measure of the size of the universe at time τ and the universe was much smaller in the past, the
energy density in radiation would have dominated at very early times. We say that the universe had
moved from a radiation-dominated phase to a matter-dominated one.
There is another form of perfect fluid, known as vacuum energy. Vacuum energy is an underlying
background energy which persist even when the space is devoid of matter and radiation, and is often
represented mathematically by the cosmological constant. The equation of state of vacuum energy
is
pΛ = −ρΛ (24)
From (20), the energy density is constant
ρΛ ∝ a0 (25)
Since the energy density in matter and radiation decreases as the universe expands, if a nonzero
vacuum energy exists, its energy density will eventually dominate that of radiation and matter, as
long as the universe does not start contracting. If the energy density of vacuum energy is higher
than that of radiation and matter, we say that the universe is vacuum-dominated.
The Friedmann equations’ predictions of the dynamical evolutions of the universe can now be
elucidated. Due to (13), a˙ can never be zero for the case k = 0 or −1, because the right-hand side
of the equation is always positive regardless if the universe is matter, radiation or vacuum energy
dominated. For a matter-dominated universe, ρM = Ca−3 from (21), where C is a constant of
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proportionality. So, ρMa2 → 0 as a→∞. Hence, for the case k = 0, a˙ tends asymptotically to zero
as τ →∞, while if k = −1, a˙→ 1 as τ →∞.
However, if the universe is closed, as in the case where k = +1, the expansion of the universe
cannot last forever if the universe is matter or radiation-dominated. This is because if we multiply
a2 to both sides of (13), the first term on the right hand side of (13) will decrease as a increases but
the second term remains constant. Since the left-hand side of the equation must be positive, there
is a critical value ac such that a ≤ ac. Moreover, a cannot asymptotically approach ac as τ → ∞
because the magnitude of a¨ is bounded from below as seen in (14). As a result, a will increase
until ac in a finite time and then start decreasing. In other words, the universe will expand until
a = ac and it will contract after that. Thus, the dynamical evolutions as predicted by the Friedmann
equations suggest that a spatially closed 3-sphere universe will exist only for a finite span of time
if the universe is matter or radiation-dominated. Note that the expansion may last forever if our
universe is indeed vacuum-dominated, as is the common stance of cosmologists at present.
Before I conclude this discussion on Friedmann cosmology, I introduce a useful cosmological













This quantity is called the critical density because the Friedmann equation (13) can be written as
Ω− 1 = k
H2a2
(28)
Thus, the sign of k is therefore determined by whether Ω is greater than, equal to, or less than, one.
There are three cases to consider:
(i) Ω < 1⇒ k < 0⇒ open universe
(ii) Ω = 1⇒ k = 0⇒ flat universe
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(iii) Ω > 1⇒ k > 0⇒ closed universe
Determination of the density parameter will thus tell us which one of the three spatial geometries
permitted by the RW metrics correctly describe our universe. Recent measurements suggest that Ω
is very close to unity.
3.4 Successes and inadequacies of the Friedmann-Robertson-Walker cos-
mological model
The eminence of the FRW cosmological model introduced above stems mainly from the fact that it
has been able to paint a realistic past evolutionary picture of our universe, successfully accounting
for two cosmological phenomena that other cosmological models have been unable to do so, namely
the cosmic abundance of helium and the existence of the cosmic microwave background (CMB)
radiation.
The contemporary basic picture of the evolution of our universe as painted by the FRW model
is as follows: Our universe began as a hot and dense mix of matter and radiation in thermal equilib-
rium14, with an underlying dark energy pervading the universe. However, as the universe evolved,
thermal equilibrium of matter and radiation was not maintained. As mentioned in §3.3 above, the
energy density of radiation is about 1000 times smaller than that of matter today. Consequently,
according to (21) and (23), when the scale factor a was more than 1000 times smaller than its present
value, radiation should have been the dominant contributor to the energy density of the universe.
The energy content of the early universe was thus predicted to be dominated by radiation. How-
ever, by the time the scale factor reached about 11000 of its present value, the matter contribution
dominated the energy content of the universe, and the dynamics of the universe became that of a
matter-dominated FRW model. The present universe is believed to be dominated by dark energy,
which is suspected to be the reason for the observed accelerated expansion of the universe. Note that
dark energy can have either positive or negative energy density. If its energy density is positive, in
agreement with what cosmological data are suggesting, then (14) together with (24) suggest that the
universe would undergo accelerated expansion. Furthermore, according to (25), the contributions to
14The curious reader might wonder why such a dense mix of matter and radiation did not collapse our very early
universe into a black hole. The very early universe avoided such a cruel fate because of its homogeneity, such that
the attractive forces of gravity are effectively negated in all directions.
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the energy density of the universe of dark energy would eventually dominate that of radiation and
matter. Indeed, the transition from a matter-dominated universe to a dark-energy-dominated one
is now believed to have taken place when our universe was about 5 billion years old. Our universe
is estimated to be about 14 billion years old.
The FRW cosmological model provides the basis for a detailed prediction of the evolution of our
universe from τ = 1 second onwards, when the temperature of the universe had cooled to a low
enough regime and the size of the universe had sufficiently expanded so that the energy density
was low enough for cosmologists to make solid predictions. Interested reader may refer to pages
107-113 of [15] for the detailed description. I highlight here that nucleosynthesis is predicted to
have taken place when τ ≈ 3 minutes when the temperature was about 109K. The abundance of
25% of 4He predicted to have been produced within a time span of a few minutes at this period
seems to be in agreement with cosmological observations. Other processes, such as nucleosynthesis
in stars which is estimated to produce only an abundance of helium of a few percent, are unable to
account for the cosmic abundance of 25%. As a result, the prediction of helium production via Big
Bang nucleosynthesis is perceived to be a major success of general relativity and its associated FRW
cosmological model.
Another important achievement of the FRW cosmological model is its ability to account for the
observed 3K CMB. With the FRW cosmological model, it is predicted that at τ ∼ 4 × 105 years,
when the temperature of the universe had dropped to about 4000K, electrons and protons began
to combine to form neutral hydrogen. This epoch is known as recombination. The occurrences at
recombination led to a great decrease in the amount of interactions between matter and radiation
because photons interacted less with neutral atoms. Photons effectively decoupled from matter and
subsequently, cooled as the universe expanded. The CMB that we observe today is the relic from
processes that took place at recombination. In fact, the observations of the CMB would be difficult
to be accounted for in any other way. Therefore, this provides another major confirmation of the
evolutionary picture of our universe as depicted by the FRW cosmological model.
Due to its ability to explain the cosmic abundance of helium and the observed existence of
CMB, the FRW cosmological model, which fused general relativity together with the assumption
of homogeneity and isotropy along with assumptions about the matter content of the universe, is
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acclaimed for producing a remarkably successful picture of the history of our universe. However,
there remains certain cosmological data which the FRW cosmological model has been unable to
account for and its predictions of the past evolution of our universe suffers remain inadequate as it
does not explain the unnatural initial conditions of the universe. I summarize below a list of the
problems in cosmology that the FRW model is unable to resolve.
(i) Big Bang singularity
(ii) Matter-antimatter asymmetry




As mentioned in §3.3 above, the FRW cosmological model predicts that the universe was created
from a singular state. It is probably a little harsh to say that this is an inadequacy of the FRW model
since the energy density is arbitrarily high as the scale factor a→ 0 and classical general relativity
is not expected to provide an accurate description of the universe in this regime. Nonetheless, the
fact that a singularity is obtained when we extrapolate back in time poses an undeniable obstacle
to our understanding of the very beginning of our universe - in particular, the origin of the arrow
of time, for which this thesis is determined to shed some light on - within the framework of FRW
cosmology. A complete theory of quantum gravity, when developed, is expected to eliminate the
appearance of the singular Big Bang state.
Matter-antimatter asymmetry
Almost all matter that have been observed in the universe are matter rather than antimatter.
If antimatter-dominated regions of space existed, we would expect to observe high-energy photons
from the occasional annihilation of protons with antiprotons at the boundaries of the matter/anti-
matter domains. Such high-energy photons have so far not been observed. Such an asymmetry
can of course, be incorporated in the initial condition of the universe but most cosmologists would
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find this unsatisfactory. The matter-antimatter asymmetry of our universe is thus not satisfactorily
addressed in FRW cosmology.
Isotropy and anisotropy of the CMB
The universe is not fully homogeneous and isotropic. Even though the CMB is highly isotropic,
it possesses deviations from regularity of the order of 10−5. In FRW cosmology, the high degree of
isotropy and homogeneity, and the small deviations therefrom, are simply imposed as mysterious
initial conditions of the universe. As had been highlighted in §2.3, these non-generic geometrical
features of the very early universe are probably the reasons behind its low entropy. In order to
account for the origin of the arrow of time, we would need to explain why the very early universe
possessed such features, something which FRW cosmology fails to do so.
Flatness problem
The flatness problem derives from the Friedmann equation (13), but is most conveniently ex-
plained when (13) is expressed in the form (28), i.e.
Ω− 1 = k
H2a2
Notice that if both sides of the above equation is multiplied by a2, the resulting right-hand side will
be a constant. It is believed that a2 has increased by a factor of about 1060 since the Planck epoch,
which is the epoch that lasted from τ = 0 seconds to τ ≈ 10−43 seconds. As such, (Ω−1) must have
decreased by a factor of about 1060 since then, so that (Ω− 1)a2 is a constant. However, we observe
that the density parameter Ω ∼ 1 today. In other words, Ω must have been extremely close to, or
is, unity, so that the density parameter we observe today remain close to, or is, unity. Recall that
if Ω = 1, the universe is flat. The requirement for such a fine-tuning of Ω is what constitutes the
flatness problem and is another example of a non-generic initial condition of the very early universe.
Horizon problem
The horizon problem arises from the fact that the CMB is isotropic to a high degree of precision
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even though there exist widely-separated parts of the CMB which have non-overlapping particle
horizons. We say that these widely-separated parts of the CMB were causally disconnected at
recombination as no information could have been shared between them since no information can
travel faster than the speed of light. Such causally disconnected parts of the CMB exist in FRW
cosmological models as the universe has been in existence only for a finite time since the Big Bang.
The horizon problem raises the issue as to how these causally disconnected parts of the CMB were
able to coordinate their evolution in the right way so as to be at the same temperature to a high
precision even though they were never in causal contact at recombination. The horizon problem is
illustrated in Figure 3 below.
Figure 3: Points A and B are two separate points in space that were causally disconnected at
recombination. However, when we observed them today, they are found to be having the same
temperature at recombination. This is the horizon problem: how is it possible that points in space
can have more or less the same temperature, as suggested by observations of the CMB, when no
causal signals could have been communicated between them?
The inadequacies of the FRW model due to problems (ii) to (v) may be rectified if there ex-
36
isted a short period of time in the very early universe whereby the universe underwent exponential
expansion. Such a scenario is posited by the theory of inflation, which I present in the following
section.
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4 Theory of Inflation
The flatness, homogeneity and isotropy of the very early universe are non-generic geometrical fea-
tures. As explained in §3.4 above, if the curvature of the universe had deviated slightly from flatness,
its curvature would have been greatly accentuated as the universe expanded and we would not be
able to observe a universe that is or is almost flat today. The spatial curvature of the very early
universe appears to have been finely-tuned and this is why we say that its flatness is non-generic.
In addition, as Penrose had quantified and I have explained in §2 above, the very early universe
was in a state of low entropy even though its energy content was in thermal equilibrium, a state
typically associated with high entropy when self-gravitation is insignificant. It thus appears that
the geometrical features of the very early universe are the main reasons behind its low entropy. It
follows then that in order to satisfactorily account for the arrow of time, we need to account for
the non-generic geometrical features of the very early universe. FRW cosmological model does not
provide an explanation - these non-generic geometrical features merely appearing as default initial
conditions. The theory of inflation, however, provides a dynamical mechanism to account for the
flatness, homogeneity and isotropy features of the very early universe.
In this section, I first present the basic theory of inflation. The theory that I present is also known
as the theory of “new inflation”, replacing the theory of inflation that Guth had first expounded
in [21]. The latter theory is now commonly known as “old inflation”. There exists many variants
of the theory of inflation as cosmologists remain unable to come to a consensus as to what type of
inflation is most likely to have preceded the initial state of the universe in the standard Big Bang
model. However, the basic features of all theories of inflation are similar to that in “new inflation”.
I also introduce eternal inflation, which is the idea that once inflation begins, it never ends. The
idea of eternal inflation is central to Carroll and Chen’s theory on the origin of the arrow of time.
I conclude this section by explaining why the origin of the arrow of time cannot be accounted for
by inflation. Although a period of inflation would lead to a universe that is flat, homogeneous and
isotropic, the conditions required for inflation to take place appears to be highly unnatural as well.
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4.1 Basic theory of inflation
In the basic theory of inflation, the inflation of the universe is assumed, for simplicity, to be driven
by a constant vacuum energy. The vacuum energy is provided by the potential of a scalar field,








where V (φ) denotes the potential of the inflaton field. Suppose the inflaton field is completely
homogeneous through space, its equation of motion in an RW metric is
φ¨+ 3Hφ˙+ V ′(φ) = 0 (30)
From (30), we see that the Hubble parameter acts as a friction term. In order for inflation to resolve
the horizon problem, we require that the inflaton field rolls sufficiently slowly down its potential. A
slowly-rolling inflaton field can be obtained if its kinetic energy, φ˙, is much smaller than its potential
energy, V (φ). Its energy-momentum tensor is then
Tµν ≈ −V (φ)gµν (31)
where φ ≈ constant. The energy-momentum tensor of a potential dominated inflaton field thus has
the same form as that of a constant vacuum energy (see (10) and (24)) and is why its behavior can
indeed be mimicked by a potential dominated inflaton field.













8piG is the Planck mass. The curvature term in (13) has been ignored as the universe
will be flattened by inflation anyway. The slow-roll conditions, which need to be satisfied so that the
inflaton field is in a potential dominated state for a sufficiently long period of time, are summarized
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by
φ˙2  V (φ),
|φ¨|  |3Hφ˙|, |V ′| (33)
A typical picture illustrating the inflationary process in the basic theory is given by Figure 4 below.
From Fig 4, we see that after the slow-roll regime, reheating takes place. Reheating is the process in
Figure 4: Inflation takes place when the inflaton field rolls slowly down a flat part of its potential.
Once the inflaton field enters the steeper part of its potential, inflation terminates and reheating
occurs.
which energy in the inflaton potential is converted into a thermalized gas of matter and radiation,
which is postulated to be in existence at the beginning of the Big Bang model. The reheating
process in the theory of inflation is important as it allows the various relics that could be produced
in the early universe but that are not observed today to be “inflated away”. For instance, all
grand unified theories in physics predict the existence of extremely massive particles carrying a net
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magnetic charge, known as magnetic monopoles. In classical cosmology without inflation, it was
found that these magnetic monopoles would be produced so copiously that they would outweigh
everything else in the universe by a factor of about 1012, and these monopoles should be easily
detected. Inflation allows us to explain the observed absence of magnetic monopoles in our universe:
we do not observe the monopoles because their density has been diluted to a completely negligible
level during reheating.
The explanation that the theory of inflation provides to the absence of magnetic monopoles is only
one of its many successes in explaining the qualitative and quantitative properties of our universe.
As already mentioned in §3.4 above, inflation also resolves the horizon problem, the flatness problem,
and can explain the isotropy and anisotropy of the CMB as well as the matter-antimatter asymmetry
observed in the universe. In order to resolve the horizon problem, the inflationary period has to
be sustained for 60 or more e-folds, where the number of e-folds is given by N = ∆ ln a. With
inflation, it is usual to obtain more than 60 e-folds of expansion, and inflation generally suggests
that even though the observed universe is incredibly large, it is only an infinitesimal fraction of the
entire universe. Inflation also resolves the flatness problem. It predicts that during the inflationary
period, the density parameter, Ω, is driven to unity with exponential swiftness: Ω− 1 ∝ e−2Ht (see
[4]), where H here is the Hubble parameter during inflation. As such, as long as there is a long
enough period of inflation, Ω can start at almost any value and it will be driven to unity by the
exponential expansion. The unnaturalness of the homogeneity and isotropic features of the universe
(or CMB) is resolved by inflation as follows: initially, uniformity was created on microscopic scales by
thermal-equilibrium processes, and then inflation started and stretched the regions of uniformity to
become large enough to encompass the observed universe. Anisotropy of the CMB can be explained
if quantum fluctuations of the inflaton field are taken into considerations at the end of the slow-roll
regime (see [16] for a detailed mathematical explanation). Lastly, matter-antimatter symmetry is
observed because the density of antimatter was presumably diluted during reheating, similar to the
dilution of the density of magnetic monopoles.
It is appropriate now to introduce the de Sitter spacetime. The de Sitter spacetime is a solution
to Einstein’s equation and models the universe as spatially flat, homogeneous and isotropic, and
neglects ordinary matter so that the dynamics of the universe are dominated by the cosmological
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constant, or by the potential energy of a scalar field. The latter case is the standard implementation
of cosmological inflation, as introduced above. It follows that in the theory of inflation, the very
early universe is in a de Sitter phase, which must then give way to radiation-dominated and matter-
dominated epochs to give a viable cosmology.
To introduce de Sitter space, consider a five-dimensional Minkowski space with metric ds2 =
−du2 + dx2 + dy2 + dz2 + dw2, and suppose a hyperboloid given by
−u2 + x2 + y2 + z2 + w2 = α2
is embedded. If we induce coordinates {t, ξ, θ, φ} on the hyperboloid via
u = α sinh(t/α)
w = α cosh(t/α) cos ξ
x = α cosh(t/α) sin ξ cos θ
y = α cosh(t/α) sin ξ sin θ cosφ
z = α cosh(t/α) sin ξ sin θ sinφ
The metric on the hyperboloid is then
ds2 = −dt2 + α2 cosh2(t/α) [dξ2 + sin2 ξ(dθ2 + sin2 θdφ2)]
The metric in square brackets is the metric on a three-sphere, dΩ23. It follows that a de Sitter space
describes a spatial three-sphere that initially shrinks, reaching a minimum size at t = 0 and then
re-expands. Even though this particular description is inherited from our chosen coordinate system,




The suggestion that new inflation might be eternal was first raised by Steinhardt in [22]. The
eternal nature of new inflation is such that once inflation begins, it never stops. More and more
local universes are created via inflation and the universe, on its largest scales, is eventually populated
with an infinite number of local universes, our observable universe being just one of them. It has
been shown in [23] by Vilenkin that new inflationary models are generically eternal.
The mechanism of eternal inflation is best summarized by the schematic diagram in Figure 5
below. The diagram is adopted from [4].
Figure 5: Schematic diagram of eternal inflation. A multiverse is created after the onset of inflation.
In new inflation, inflation begins either in a false vacuum or in a metastable state at the top of the
effective potential, as illustrated in Figure 4 above. As the inflaton field rolls down its potential, the
false vacuum decays. The rate of decay of the false vacuum is exponential. However, the false vacuum
also expands exponentially in size at the same time. Typically, in order for the inflationary model
to successfully resolve the cosmological problems listed in §3.4, the rate of exponential expansion
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in size of the false vacuum has to be much faster than the rate of exponential decay. Thus, once
inflation begins, the total volume of the false vacuum would continue to grow exponentially with
time, even though the false vacuum is decaying.
In Figure 5, a region of false vacuum is represented by the bottom bar. Its evolution is represented
by successive bars moving upwards. As the expansion of the region of false vacuum is unable to be
represented by fitting all bars in a single page, the region is shown as having a fixed size in constant
time intervals when in fact, the scale factor is supposed to increase from each bar to the next. We
assume that the scale factor for each bar is three times larger than the previous bar.
We begin our description of the mechanism of eternal inflation from the bottom bar. In about
one third of the initial region of false vacuum, the inflaton field rolls down its potential, resulting
in the onset of an inflationary phase. This region of space expands exponentially to the same size
as the initial region of false vacuum. Since the properties of the very early universe in the FRW
cosmological model are presumably achieved in this region of space at the end of inflation, this
region is labeled “Local Universe”. At the same time, space has expanded so much that each of the
remaining regions of false vacuum has the same size as that of the starting region. For the next
time interval, each of these regions of false vacuum decays, and about one third of each undergoes
inflation, again evolving into a space with the same properties as the very early universe in the
FRW model. The remaining regions of space remain as false vacuum, with size increased to that
of the starting region of false vacuum. At this point of time, there are four remaining regions of
false vacuum. This process repeats itself, resulting in an infinite number of local universes. These
local universes are known as bubble universes or pocket universes. Note that the local universes in
eternal new inflation are generally very irregular, as was explained in [4].
Undoubtedly, the schematic diagram depicted in Figure 5 is only an idealization. The diagram
illustrates a schematic one-dimensional universe when the real universe is three-dimensional. More-
over, the decay of false vacuum is actually a random process but for ease of drawing and explanation,
the diagram has been deliberately constructed to show a schematic decay. Nonetheless, when these
inaccuracies are rectified, the scenario remains that as long as inflation occurs, the universe on the
largest scales will be populated by an infinite number of local universes.
As has been mentioned, there exists a number of theories of inflation, none of which has gained
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universal acceptance among all cosmologists. However, it is also generally believed that eternal
inflation is also a generic characteristic of chaotic inflation15, which is probably the most popular
variant of inflation theory after new inflation. There is thus scope to believe that if one invokes
the inflation theory, he has to confront the prospect of a multiverse - a universe with many local
universes - and the idea that the process of inflation never ends, once it begins.
4.3 Inability of inflation to fully account for the origin of the arrow of
time
The discussion in §4.1 on inflation theory suggests that postulating an inflationary phase in the very
early universe can resolve some of the major cosmological problems associated with the FRW model.
In particular, it can account for the non-generic geometrical features of the very early universe, thus
possibly explaining the origin of the arrow of time. This is all very well except that in order for
inflation to begin, the inflaton field needs to be in a potential dominated state. This, as had been
highlighted by Trodden and Vachaspati in [27], is not a high entropy state for the inflaton field. In
other words, the potential dominated state of an inflaton field is non-generic. Although inflation
does dynamically explain the initial state of the Big Bang phase, it does not account for the origin
of the arrow of time. Instead, as pointed out by Guth in [4], inflation ‘passes the arrow of time
buck’ to the special initial conditions of the inflaton field. In the FRW model, the arrow of time
was supposed to originate from the non-generic initial conditions of the Big Bang state. However,
in inflationary models, the origin of the arrow of time is traced back to the non-generic state of the
inflaton field. To account for the origin of the arrow, we now need to explain why the inflaton field
is able to attain a potential dominated state even though such a state is non-generic.
As is suggested in §4.2, new inflationary models are generically eternal into the future. This
then begs the question: are these models past eternal as well? If this is indeed the case, then there
would definitely be ‘ample’ time for a sufficiently large quantum fluctuation to occur and bring
the inflaton field to a potential dominated state, thereby enabling inflation to take place. In other
words, the inflation theory becomes viable if the model is past eternal. However, a theorem, which
shows that the universe cannot be past eternal in inflation theory under plausible assumptions, has
15Chaotic inflation takes into consideration the quantum effects on spacetime in the formulation of inflation. Inter-
ested readers can refer to [24], [25] and [26] for more details.
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since been proven in [28] by Borde, Guth and Vilenkin. Interested readers can find a concise and
less-technical description of the theorem in [4]. In brief, the theorem states that the blueshift of
the timelike geodesics and null geodesics in our universe will reach infinity rapidly, i.e. the speed
of light, in a finite amount of proper time or affine parameter as long as the universe satisfies the
averaged expansion condition, where the average value of the Hubble parameter measured along
the past-directed geodesics are positive. In this case, the timelike and null geodesics are said to be
incomplete and thus, inflation cannot be past eternal.
I highlight here that even though the above theorem appears to apply for standard eternally
inflating models, for which the averaged expansion condition is satisfied, it does not apply for
general inflationary models. In particular, there exist inflationary models that are known to evade
the above theorem, Carroll and Chen’s theory for the origin of the arrow of time being one of them.
Nonetheless, the above theorem is still very useful. In particular, if we want to satisfactorily
account for the origin of the arrow of time using an inflationary model as a pretext, we need to first
either explain how the inflaton field might acquire its non-generic potential dominated state or how
the inflationary model can be set up so that it is past eternal. Once this is done, we have only shown
that inflation is possible to have taken place in the history of the universe. A theory for the origin
of the arrow of time with an inflationary model incorporated would be a lot more satisfactory if it
can show that inflation is highly likely to occur within the framework of the theory.
In any case, our discussion in this section has shown that inflation alone does not account for the
origin of the arrow of time. There remains issues that need to be ironed out, be it the explanation as
to why the inflaton field responsible for inflation might be in a potential dominated state or why the
universe might be past eternal. In the next section, I present some possible approaches to accounting
for the origin of the arrow of time.
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5 Possible Approaches to Accounting for the Origin of the
Arrow of Time
So far in this thesis, I have explained the meaning of the arrow of time, as embodied in the Second
Law of Thermodynamics, and its relationship with cosmology and the origin of the universe. The
arrow exists primarily due to the tendency of entropy to increase. Since entropy counts the number
of microstates corresponding to each macrostate, it is overwhelmingly likely that the entropy will
increase towards the future provided the universe started in a relatively low-entropy state. However,
since the laws of physics are fundamentally time-symmetric, if we believe the universe started in
low-entropy state, then there is equal legitimacy to expect that its entropy would be equally low in
the future. However, real world observations suggest that the entropy of the universe in the future
would be very much higher than it was in the past. The standard Big Bang model does not explain
the low entropy of the very early universe. Instead, it merely imposes the non-generic geometrical
features of the very early universe as default initial conditions. Inflation attempts to account for the
origin of the arrow of time, but it only transfers the need to account for the non-generic geometrical
features of the very early universe to that of how and why the inflaton field was able to find itself in
a potential dominated state given that such a state is non-generic. Thus, we are still left to confront
the question as to why the observable universe appears to have a low entropy beginning.
In this section, I outline three possible approaches that may be adopted to account for the origin
of the arrow of time, namely postulating that the state space of the universe is dynamic and changes
with time, that the universe is symmetric or that the underlying laws of nature might in fact be
asymmetrical in nature. These three approaches are in fact, deemed by most cosmologists to be
implausible. However, there is as yet no conclusive evidences to suggest that these approaches can
be dismissed. Since it is always advisable to remain open-minded in the realm of cosmology, I find
it important to mention these approaches so that they are not completely ignored by the reader.
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5.1 Dynamical space of states
It is generally believed that the laws of physics are time-symmetrical or equivalently, time reversible.
The laws of physics that we know of thus far, which are approximations to the true laws of physics
that remain yet to be uncovered, satisfy this property. In a system with reversible laws, the space
of states are fixed and the states are evolved forward in time in a manner so that information is
conserved. Two different states at a particular time will evolve into two different states at a specific
later time. This allows the evolution to be reversed since every state the system could currently be
in has a unique predecessor at every moment in time.
However, the possibility that the true laws of physics might be time irreversible cannot be
completely ruled out. One way that this can be achieved is that the space of states itself evolve
with time. For instance, the space of states might grow with the size of the universe so that it was
smaller for the very early universe but is much larger for the present universe. In this case, it would
not be surprising that the very early universe was in a state of low entropy since there was simply
a smaller number of microstates that the universe could be in. In addition, such a universe would
have laws of physics that are irreversible because there would exist microstates which are currently
indistinguishable from the macrostate of the current universe that simply have no past microstate
from which they could have come.
One problem associated with the idea of an evolving space of states is that it requires an external
time parameter. Ever since Einstein introduced his concepts on relativity, people are used to thinking
of the universe as a spacetime. The state that a universe might be in describes both the energy
content of the universe as well as its spacetime structure. The requirement of an external time
parameter to describe the evolution of the space of state appears to necessitate a decoupling of
space and time, bringing us back to the era of physics before Einstein. Thus, if we were to accept
the idea that the space of states evolves with time, we would seemingly be forced to give up the
relativity theories in our understanding of the laws of nature. However, as has been proven by
observational data, the universe is more accurately described by the relativity theories, when space
and time are considered as one single entity.
It is reasonable to say that most cosmologists would be unwilling to abandon the relativity
theories, and thus, they would not advocate the idea that the space of states changes with time.
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Even though it is not inconceivable that the space of states might indeed be evolving with time,
such an approach to understanding the origin of the arrow of time is at the moment not considered
viable by most cosmologists.
5.2 Time-asymmetrical dynamical laws of nature
If we suppose that the space of states is fixed - so that the theories of relativity remain relevant
- it is still possible that the laws of physics might be time irreversible. This would be the case if
the dynamical laws are inherently time-asymmetrical. In such a case, it would be possible that two
different microstates at a particular time evolve into the same microstate at a future time.
If the time-asymmetrical dynamical laws are such that the universe would evolve in an entropy
increasing manner under their influence, then it would not be surprising that the universe began
in a low entropy state. Penrose, as is mentioned in §2.5, is one physicist who remains hopeful that
the true laws of physics are time-asymmetrical in nature. However, it remains unclear to us how
time-asymmetrical laws might be able to account for the initial conditions of the very early universe.
Specifically, even though time-asymmetrical laws imply that the very early universe has to be of low
entropy, it does not tell us what type of low entropy state it has to be in. As an analogy, suppose
we find a glass of water in a room. The glass of water might have earlier been a glass of water
with ice-cubes in it or it could have been a glass of cold water that has warmed up so that it is in
thermal equilibrium with room temperature. In either scenario, the entropy is lower than that of
the glass of water in the room. In general, even though the number of microstates corresponding
to each low-entropy macrostate is relatively low, there might be a lot more individual low-entropy
macrostates than high-entropy ones. In the context of our universe, time-asymmetrical laws do not
explain why our very early universe was in a low-entropy state with flat, homogeneous and isotropic
geometrical features and not a low-entropy state with other geometrical features. In order to truly
account for the arrow of time, we need to identify a unique state of the universe with lowest possible
entropy, and time-asymmetrical laws do not aid us in this identification since the laws cannot be
evolved backward in time.
It is pertinent here to point out another way, proposed by Carroll in [8], for which the arrow of
time might be explained by time-asymmetrical laws. Carroll suggested that we could assume that
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the universe was initially in a high entropy state and the time-asymmetrical laws work in such a
manner as to reduce the entropy of the universe. Inhabitants in such a universe would associate the
past with the lower entropy states and the future with the higher entropy states, just as we currently
do. However, the laws of physics would precisely reconstruct the past low entropy states from the
future high entropy states and not vice-versa. Carroll highlighted that the way the universe would
evolve under these asymmetrical laws of nature would be highly unnatural and suggested that the
possibility of having time-asymmetrical dynamical laws might be ignored as it would be ‘bordering
on the impossible’ to imagine that all our observations of the universe arose from having an initial
high-entropy state that was evolved according to these laws. I am of the opinion that Carroll’s way
of explaining the arrow of time when time-asymmetrical laws are admitted overcomplicates matters
and is in fact, misconceived. In particular, following his lines of argument, the Big Bang state of
the universe should only have come into existence after our existence. In that case, why is it that
we can today observe the highly isotropic CMB, which was supposed to originate from the ‘future’
Big Bang (or more precisely, ‘future’ recombination)?
At the moment, I believe that there exists no strong grounds on which the possibility of the
existence of time-asymmetrical dynamical laws of physics might be denied. However, even if time-
asymmetrical dynamical laws are eventually discovered, we would still need to identify an unique
lowest-entropy state of the universe in order to fully account for the arrow of time. Since it appears
unlikely that this unique lowest-entropy state can be identified via the time-asymmetrical laws, the
arrow of time cannot be explained simply by postulating that the dynamical laws of nature are in
fact time-asymmetrical.
5.3 Gold universe
Another approach that we can adopt in the explanation of the arrow of time is to accept the fact
that the laws of physics are indeed time-symmetrical. In this case, as Price rightly pointed out
in [14] and was mentioned in §2.5 above, it would be an act of ‘cosmic hypocrisy’ if we impose a
low-entropy past condition and not a low-entropy future condition for the evolution of the universe.
Since the imposition of a low-entropy past condition appears necessary in order for the Second Law
of Thermodynamics to work, which in turn is required to explain the universe that we experience,
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it seems inevitable that a low-entropy future boundary condition has to be imposed given that
the dynamical laws are time-symmetrical. Under the imposition of low-entropy initial and final
conditions, the evolution of the universe would then be time-symmetric. Such a universe is called
the Gold universe(see [29]).
The evolution of the Gold universe is such that its entropy increases from the Big Bang, reaches
a maximum when the universe reaches its maximum size, and then decreases. In other words, for
the Gold universe, the arrow of time reverses at the moment the universe attains its maximum size.
The Gold universe terminates in the Big Crunch scenario.
Most cosmologists do not consider the Gold universe applicable as a model to our real world
because there is neither any cosmological observation nor any underlying principle that demands the
need to impose a future boundary condition on our universe. However, as Price argued convincingly
in [14], unless a cosmological model admits time-asymmetrical dynamical laws, there is no reason to
believe that whatever unknown principle of physics that enforces the low entropy at the Big Bang
would not do so similarly at the Big Crunch. As he explained, although we do not know why the
entropy was low at the Big Bang, it was; thus, the fact that we do not know why the entropy will
be low at the Big Crunch is insufficient for us to discard the possibility. For this particular reason,
Price believes that the Gold universe should be taken seriously as a model for the real world.
Convinced by Price’s line of reasoning, I acknowledged that the model of the Gold universe cannot
be considered irrelevant by reasons alone when dynamical laws are time-symmetrical. Nonetheless,
the many perplexing scenarios and questions associated with the imposition of a future boundary
condition and the reversal of the arrow of time make the Gold universe unlikely plausible to be a
model for our universe. As an example, consider a bright star that lives in the future collapsing
phase of the universe. The bright star is observed in the future if the photons it emits land on
our telescope in some future time. However, consider now the birth of the bright star imposed
as a future boundary condition. Then, we would expect the reverse phenomenon to occur: if our
telescope happens to point in the direction of the future star, the telescope would be expected to
emit photons towards the star. Such a phenomenon associated with future boundary conditions has,
of course, not been observed in our universe. Thus, although there is as yet no convincing argument
to reject the possibility of the Gold universe, our opinions coincide with most cosmologists that the
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Gold universe is unlikely to be representative of our universe.
5.4 Wald’s approaches
From the preceding discussion in this section, it should be clear that our point of view is such that
the arrow of time does not appear likely to be explained simply by invoking the idea that the space
of states is dynamical or that the universe is modeled by a Gold universe. It is plausible that the
dynamical laws of physics might in fact be time-asymmetrical but discovering these laws alone would
not be sufficient to account for the arrow of time unless a unique lowest entropy state of the universe
can somehow be identified.
As mentioned in §1, Wald had suggested in [6] two general approaches following which the arrow
of time might be explained. In the first approach, the universe was supposed to come into existence
in a completely random manner. Its evolution according to the dynamical laws of physics was such
that the initial state of our observable universe was non-generic. In the second approach, the universe
simply came into existence in a very special state. All three alternative approaches that are listed
and described above fall into the category of Wald’s second approach since they all require that the
initial state of the universe was one of low entropy.
I believe that a theory following either one of Wald’s approaches in explaining the arrow of time
can only be considered satisfactory if it satisfies the three criteria listed below:
(i) Explain convincingly either why the initial state of universe should be completely random or
non-generic;
(ii) Prove in its theoretical framework that intellectual observers are more likely to exist in a ther-
modynamically sensible universe like ours instead of other spaces in the universe; and
(iii) Adhere to the double-standard principle advocated by Price in [14].
The reasons why a theory for the arrow of time should fulfill criteria (iii) have been explained in
§2.5 above. The elaboration of criteria (i) and (ii) is provided in §8 below. In particular, in §8, I
explain why a theory for the arrow of time is only satisfactory if it satisfies criteria (i) and (ii).
I am now ready to present the two competing theories for the origin of the arrow of time - Carroll
and Chen’s theory of spontaneous inflation and McInnes’ theory of toral topology - that this thesis
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seeks to compare. Carroll and Chen’s theory, which follows the first approach suggested by Wald,
is presented in §6 immediately below while McInnes’ theory, which follows the second approach of
Wald, is presented in §7.
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6 Spontaneous Inflation
The theory on how spontaneous inflation might give rise to an arrow of time that is observed in our
universe was first proposed by Carroll and Chen in [7]. Carroll and Chen formulated their theory
of the arrow of time by first defining what they believe is the most natural dynamical evolution of
any arbitrary state of the universe. They suggested that if the universe had begun in any arbitrary
state, it would eventually evolve into a nearly empty de Sitter space. If we consider a universe
which is a nearly empty de Sitter space, there would be a non-zero probability that spontaneous
inflation would take place. The inflation would be of the eternal type, introduced in §4.2 above. The
onset of spontaneous, eternal inflation would then create large regions of space which are similar
to our observable universe, with an arrow of time pointing in the direction of increasing entropy.
Furthermore, the evolution of the universe on the ultra-large-scales would be time-symmetrical, in
accordance with the time-symmetrical dynamical laws of physics that have been observed in our
universe. In this section, I first introduce the most natural dynamical evolution of the universe, as
defined by Carroll and Chen. Next, the mechanisms of spontaneous, eternal inflation is explained. I
conclude this section by giving a picture of the ultra-large-scale structure of the universe, as depicted
in Carroll and Chen’s theory of the arrow of time.
6.1 Most natural dynamical evolution of any arbitrary state of the uni-
verse
It has been noted in §2.2 that when self-gravitation is insignificant, the gas molecules in a box
would naturally evolve to a state of uniform distribution, known as the state of thermal equilibrium,
regardless of the initial configuration. In the typical descriptions of this dynamical evolution, the
initial configuration is either that in which the gas molecules were concentrated in a single partition
of a divided box or concentrated in a corner of an undivided box. In either case, the initial state
of the closed system is one of low entropy. When gravity is unimportant, the equilibrium state of
uniform distribution is the state of maximal entropy, in the sense that a box of gas molecules would
have an overwhelmingly high probability to be observed in this state. Equivalently, we say that such
a state is the most natural state for the box of gas molecules.
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However, when self-gravitation is important, the equilibrium state of a box of gas molecules
becomes distinctly different. This point, first raised by Penrose, is highlighted in §2.3 above. Due
to gravitational instability, matter tends to lump together over time. As such, gas molecules in
the box would evolve in such a manner as to eventually collapse together to form a black hole.
Although it remains unclear how the entropy of a closed system can be measured when gravity is
significant, our understanding of the dynamics associated with gravitational instability suggests that
in these instances, compact objects would have higher entropy than homogenous gases. Penrose thus
approximated the maximum entropy that the universe can possibly attain by computing, using (2),
the entropy of a hypothetical black hole containing all the matter that have been observed in our
universe.
However, Carroll and Chen argued that the black hole cannot be a maximum-entropy state. Ac-
cording to them, the black hole will eventually dissipate by emitting Bekenstein-Hawking radiation.
The Bekenstein-Hawking radiation is the thermal radiation predicted to be emitted by black holes
due to quantum effects. Although such radiation is yet to be observed, the theoretical arguments
for the existence of Bekenstein-Hawking radiation had been provided by Hawking in 1974 (see [30]).
For the example of a black hole formed by the collapse of gas molecules inside a box, Carroll and
Chen noted that it is useful to generalize it to the case of our universe, so that the box represents
our observable universe. With this generalization, it is relevant to consider two cases of boundary
conditions: an asymptotically flat empty universe and periodic boundary conditions.
In the first case, if the universe is asymptotically flat and empty, the black hole would clearly
evaporate away so that the universe ultimately becomes nearly-flat empty space. On the other
hand, if the boundary conditions were periodic, then we would expect that after a sufficiently
lengthy period of gravitational collapse, the universe would contain many black holes separated by
large distances through space. Suppose the universe is still expanding at this moment in time, each
black hole would evaporate away by its emission of Bekenstein-Hawking radiation. The radiation
would become increasingly diluted as the universe expands and the universe becomes increasingly
flat, just like the scenario in the preceding case. Alternatively, if the universe is contracting after
the formation of the black holes, the black holes would coalesce, the energy density of the universe
would increase dramatically and we would end up with a Big Crunch scenario. However, Carroll
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and Chen noted that the cosmological singularity associated with the Big Crunch scenario can be
avoided under the assumption that our universe is non-compact, so that any local region describing
a collapsing universe can be surrounded by a large but finite region of empty space. It follows that
the coalition of black holes is just a bigger black hole - not a singularity - positioned in empty
space so that it would also evaporate and the universe would, similar to the two previous scenarios,
eventually become a nearly-flat space.
By incorporating the possibility of Bekenstein-Hawking radiation into the discussion of the evolu-
tion of the universe, Carroll and Chen found that a universe without vacuum energy would naturally
evolve into an increasingly flat empty space. Thus, in the theory of gravity in the absence of vacuum
energy, a flat empty state would be the most generic state of the universe. However, as mentioned
in §3 above, the expansion of the universe has been observed to be occurring at an accelerated
rate, and this accelerated expansion is believed to be the result of the existence of some form of
dark energy permeating the universe. Most cosmologists believe this dark energy takes the form of
a positive vacuum energy, which might be modeled by the inclusion of a cosmological constant in
Einstein’s equation. In the presence of the positive vacuum energy, the gist of the discussion in the
preceding paragraph still holds true except that an arbitrary state of the universe would no longer
empty out into a flat universe. Instead, the universe would empty out into one with positive spatial
curvature due to the non-diluted density of the vacuum energy. Such a space is none other than the
de Sitter space. It is well known that a de Sitter space has temperature due to the Gibbons-Hawking
effect(see [8]). Hence, the most natural dynamical evolution of the universe, in Carroll and Chen’s
theory of the arrow of time, is an approach to a nearly empty de Sitter space with a small underlying
temperature.
6.2 Spontaneous, eternal inflation
The fact that a nearly empty de Sitter space has an underlying temperature is crucial in Carroll
and Chen’s theory as it makes it possible to invoke thermal fluctuations as a spontaneous kick-start
for inflation. This is because thermal fluctuations in a de Sitter space are just fluctuations of the
underlying quantum fields. If one of the quantum fields in the theory possess the properties of an
inflaton field, then fluctuations in the field might induce tunneling from a true de Sitter vacuum to
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a false vacuum at higher energies, thereby starting inflation. Such a mechanism for inflation was
first proposed by Garriga and Vilenkin in [31].
Another important feature in Carroll and Chen’s theory is the admission of quantum gravity.
Although the details of the quantum gravity theory are yet to be fully ironed out, it is believed
that spacetimes in the theory would be susceptible to quantum fluctuations. Farhi and Guth had
suggested in [32] that spacetimes might be split into multiple pieces due to quantum fluctuations.
The tiny bit of space that branched off from the larger universe is known as a baby universe. Note
that a baby universe in Carroll and Chen’s theory is different from a pocket universe (or local
universe), which we introduced in §4.2 above, since a pocket universe remains connected to the
background spacetime after its formation but a baby universe here is disconnected.
Carroll admitted in [8] that it remains unclear what would happen once a region of false vacuum
is obtained via quantum fluctuations. He pointed out that the space inside the bubble of false
vacuum would tend to expand but the wall of the bubble would tend to shrink. Most of the time,
it is the shrinking of the wall that prevails so that the bubble of false vacuum simply dissipates.
However, Carroll and Chen believed that it is possible that sometimes, simultaneous fluctuations of
temperature and space would create a bubble of false vacuum in a region of space that pinches off
from the rest of the universe, as illustrated in Figure 6 below. The tiny throat that connects the
two is known as a wormhole. Carroll and Chen suggested that the wormhole would be unstable and
would quickly collapse to nothing, so that we are left with the original universe, also known as the
mother universe, and an additional baby universe.
The baby universe is dominated by false vacuum energy and thus, can undergo inflation. If
the properties of the false vacuum are right, the inflation will be of the eternal type described in
§4.2 above. The energy of the false vacuum will eventually convert to matter and radiation during
reheating and the evolution of the universe can then be described by the FRW model. Carroll and
Chen argued that the initial entropy of the baby universe would be small. According to them, the
birth of the baby universe would occur smoothly. From the point of view of an observer in the
mother universe, the entire process would be almost unnoticeable. The birth of the baby universe is
akin to the formation of a microscopic black hole, which has a tiny entropy, and which evaporates
via Bekenstein-Hawking radiation as quickly as it formed. Carroll and Chen also highlighted that
57
Figure 6: Birth of a baby universe via simultaneous fluctuations of the inflaton field and space.
(Note that the above figure was modified from a picture in [33].)
the entropy of the universe would increase during the birth of a baby universe. The initial state
of the universe is a high-entropy de Sitter space, which subsequently evolves into a high-entropy
de Sitter space plus a baby universe. The subsequent state of the universe as a whole would have
higher entropy than the original de Sitter space.
I remark here that Carroll and Chen had made some preliminary computations on the probability
that spontaneous inflation of the type they envisage would take place in a de Sitter background
spacetime. They found that the probability is approximately 10−10
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. They highlighted that the
important feature of this number is that it is non-zero. Since the sort of universe they envisage is
eternal, their computations showed that given “sufficient” time, spontaneous inflation would occur,
giving rise to a universe like ours with a well-defined arrow of time.
6.3 Ultra-large-scale structure of the universe
The high-entropy de Sitter space is unstable; thermal fluctuations can occur, resulting in the for-
mation of baby universes which can then expand into universes like ours. According to Carroll and
Chen, the prospect of baby universes is crucial to the explanation of the arrow of time. As I had
pointed out in §2.2 above, it had been suggested by Boltzmann that our universe might arise from a
rare fluctuation out of an equilibrium high-entropy state to a low-entropy state, reminiscent of the
initial state of the Big Bang model. The problem with such a proposition is that it is overwhelmingly
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more likely that an individual intellectual observer rather than the initial state of the Bang Bang
model is created from a fluctuation out of equilibrium. Thus, if our universe had been created from
a rare fluctuation out of equilibrium, there would be many more observers floating in empty space
than there were living in a thermodynamically sensible universe, with a well-defined thermodynamic
arrow of time, like ours. On anthropic grounds16, such a proposition does not provide a satisfactory
account for the arrow of time.
However, with baby universes, it is no longer true that the occurrence of a thermal fluctuation
necessarily leads to an out of equilibrium state which then evolves back to equilibrium. A fluctu-
ation that leads to the formation of a baby universe is such that the baby universe then becomes
disconnected with the original spacetime, and it might inflate to form a universe like ours. Carroll
and Chen argued that in such a description of the universe, the entropy of the universe could, and
would increase without bound. Although space grows without bound in a de Sitter universe, the
part of space that is visible to any one observer remains finite and has a finite entropy. Within
this space, the fields fluctuate at a fixed temperature that never changes. This is an equilibrium
configuration. However, when the formation of baby universes are taken into consideration, there is
no longer any notion of equilibrium. As Carroll and Chen noted, entropy of the universe can always
increase via the formation of baby universes.
The analogy that Carroll and Chen uses to illustrate the evolution of the universe in their theory
of the arrow of time is one of a ball rolling on a special hill with no bottom and no friction so that
the ball can roll forever with the same amount of energy. This analogy is depicted in Figure 7 below.
For a ball rolling along such a special hill, every trajectory for the ball would look basically the
same. The ball rolls in from infinity, turns around, and rolls back out again. The point at which
the ball turns around depends on the total energy that the ball has. The only moment that the
ball is not moving is the moment when it turns around. At every other moment, the ball is either
moving left or right. Thus, if the ball was to be observed at some random time, it would very likely
be moving in one direction or another. The ball is like our universe and the position from left to
right represents its entropy. Observers living in the universe would deduce time-symmetrical laws
16This is commonly referred to as the problem of the Boltzmann brains.
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Figure 7: The trajectory of a ball rolling along a hill with no bottom and no friction. The ball
spends most of its time either moving from left to right or right to left, in analogy with the time-
asymmetrical evolution of entropy observed in our universe.)
of physics, since the portion of the trajectory when the ball is moving from right to left is not any
different from the portion where it is moving from left to right. However, the observers would find
that entropy always changes in a particular direction because in accordance with the analogy, the
ball spends most of its time moving in a particular direction. As Carroll highlighted in [8], the notion
of an equilibrium state, or equivalently, a maximal-entropy state of the universe raised the issue as
to why our universe is not in that state. By suggesting that there is no maximal-entropy state, such
a dilemma is avoided. In such a case, it would then be natural to observe entropy increasing since
entropy can always increase.
One of the most important features in Carroll and Chen’s theory is that the universe on the
ultra-large-scales would be time-symmetrical about the “initial” arbitrary space. They contended
that the same set of events that can happen into the “future” can also happen into the “past”.
The emptying out to de Sitter space, formation of baby universes, the onset of spontaneous, eternal
inflation and the subsequent evolution of the baby universes in the FRW model with a distinct
arrow of time can all be told backward in time because none of the description in the evolution of
the universe involved time-asymmetric physics. Statistically, the far future and the far past would
be indistinguishable. The picture of the ultra-large-scale structure of the universe, which I reference
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from Carroll’s personal online website (see [34]), is illustrated in Figure 8 below.
Figure 8: The universe on the ultra-large-scales is symmetrical about the arbitrary “initial” space.
Baby universes, each with a local arrow of time, are created in a background de Sitter space both to
the past and to the future. A baby universe in the bottom half of the diagram will have an arrow
of time pointing in the opposite direction to one in the top half of the diagram.
To conclude this section, I summarize Carroll and Chen’s theory for the arrow of time as follows:
Consider any “initial” arbitrary state of the universe. As explained in §6.1, the universe will naturally
evolve into an empty de Sitter space if there exists a positive cosmological constant. The de Sitter
space has an underlying temperature. Highlighted in §6.2, a simultaneous fluctuation of the inflaton
field and space can lead to the formation of a baby universe that is disconnected from the background
de Sitter space. The baby universe undergoes inflation and expand into a universe like ours, with a
local arrow of time. The process of formation of baby universes can take place both into the “future”
and into the “past” of the “initial” arbitrary state of the universe. Thus, as pointed out in §6.3, the
universe on the ultra-large-scale will be time-symmetrical about the “initial” state of the universe,
in accordance with the time-symmetrical laws of physics that have been observed in our world.
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7 Toral Topology
Unlike Carroll and Chen’s theory for the arrow of time where the initial state of the universe is
chosen completely arbitrarily, McInnes proposes in his theory that the universe began in a truly
special state. His theory is set in the context of string theory. In [9], he established his arguments
that a universe that came into existence via a “creation from nothing” process, which had been
sketched in the string context by Ooguri, Vafa and Verlinde - hereafter, referred to by the acronym
OVV - in [1], can exhibit an arrow of time as observed in our universe as well as evade the singularities
that are inherent in general relativity. More specifically, by analyzing the constraint equations in
the initial value theory of general relativity, he concluded that the initial universe must possess the
spatial topology of a torus and its spatial geometry must be exactly locally flat so that the inflaton
field, supposedly responsible for the onset of inflation, could be forced to be in a potential-dominated
state, thus allowing for inflation to begin. In other words, the non-generic spatial geometry of the
universe is the reason behind the low entropy of the initial universe, and thus, is responsible for the
arrow of time in our universe. In [3], McInnes furthered his arguments in [9] by explaining how an
initial universe, which he termed Eve, with toral spatial topology and locally flat spatial geometry
can nucleate baby universes, each of which, depending on the vacuum energy, might inherit an
arrow of time due to Eve’s low entropy. If McInnes’ suggestion in [3] holds, the landscape of string
vacua which is believed to exist in string theory would then be capable of giving rise to a region of
spacetime that resembles our observable universe.
In this section, I first explain how the spatial geometry of the early universe might lead to the
inflaton field being found in a potential-dominated state. Specifically, the universe needs to contain
spatial regions which are locally isotropic, or equivalently, regions which are spaces of constant
curvature. This is one of the important insights by McInnes, which concretely points out how the
low entropy of the early universe might be accounted for by its non-generic spatial geometry. I next
present the idea of “creation from nothing” in the string context, as introduced by OVV for a two-
dimensional spacetime in [1] and generalized in a natural manner to a four-dimensional spacetime by
McInnes in [10]. In this stringy version of “creation from nothing”, the universe is created with toral
spatial topology. A universe that is created from nothing naturally avoids the initial cosmological
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singularity that exists in the standard Big Bang model. However, there is, a priori, no reason why
the spatial geometry of the universe should be a space of constant curvature, required so that the
inflaton field could be found in a potential-dominated state. By following McInnes’ discussion in [9],
I present the initial value theory of general relativity and show how the corresponding constraint
equations suggest that when the spatial sections of the universe has the topology of a torus, solutions
to Einstein’s field equations can only be obtained if the spatial sections are exactly locally flat, i.e.
the spatial universe has to be a space of constant curvature. I explain also why such a geometry is
considered non-generic. I conclude this section by briefly discussing how baby universes are supposed
to be formed in McInnes’ theory and how they might inherit an arrow of time from their mother
universe.
7.1 Spatial geometry of the universe and its relation with the potential-
dominated state of the inflaton field









In order for inflation to occur, the inflaton field needs to be in a potential-dominated state. The
energy-momentum tensor of a potential-dominated inflaton field can be approximated by:
Tµν ≈ −V (φ)gµν (35)
As highlighted in §4.3 above, it is generally agreed that a universe with a potential-dominated
inflaton field has very low entropy - lower than the initial state of the universe in a Big Bang
model. Furthermore, the theorem of Borde, Guth and Vilenkin, also mentioned in §4.3, suggests
that most standard inflationary models cannot be past eternal. Thus, inflation alone cannot account
for the origin of the arrow of time. Instead, we need to explain why the inflaton field can be in a
potential-dominated state, despite such a state being one of low entropy.
From (34) and (35), McInnes gathered that the low entropy of the inflaton field has a specific
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meaning: the spatial and time derivatives of the inflaton field have to be very small. It follows that
in order to explain the arrow of time, we now need to account for the almost negligible derivatives
of the inflaton field at the beginning. Note that these derivatives are individually vector fields.
McInnes suggested that the most natural way to render any spatial vector field, such as the spatial
derivatives of the inflaton field, zero is by requiring that the spatial geometry of the universe is
everywhere locally isotropic. His suggestion arose from the observation that a vector can only be
isotropic if it vanishes. He proposed therefore that local spatial isotropy was the specific geometric
property required to ensure that the spatial derivatives of the inflaton field vanish, so that the
inflaton field could be in a potential-dominated state.
While the measure of entropy in the case where gravitation is important remains unclear, it
can be argued that a universe which is everywhere locally isotropic has to have low entropy. This
is because if we evolve the present universe forward in time, we would expect its anistropies to
increase. Since the Second Law of Thermodynamics suggests that entropy tends to always increase,
we would expect anistropies to be a feature of a universe with high entropy whereas isotropy would
be a feature of a universe with low entropy. As a result, if we ignore the contributions by the time
derivatives of the inflaton field to its energy-momentum tensor, the need to account for the low
entropy potential-dominated state of the inflaton field can be transferred to the spatial geometry
domain, where we now need to explain why the early universe is everywhere (or contained regions
which are) locally isotropic, thus suitable for the onset of inflation.
Note that the isotropic feature of the universe discussed here differs from that often discussed
in the context of the observed CMB. In the latter context, the isotropy is always understood to
be approximate. However, the isotropy required in McInnes’ theory has to be precise. As he had
emphasized in [3], the “fundamental isotropy has to be exact at the quasi-classical level”. McInnes
also noted that the theory of inflation is natural in the context of a universe whose spatial geometry
is everywhere locally isotropic. This is because in such a universe, vector or spinor fields representing
all known fundamental forms of matter would be trivial. The only non-trivial fields in the universe
would be scalar fields. The inflaton field, which is a scalar field, can thus be expected to be the
dominant contributor of energy to the universe. In addition, from Theorem 3.5, we know that a
three-dimensional Riemannian manifold which is everywhere locally isotropic is a space of constant
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curvature. The classical spaces of constant curvature are the sphere, the Euclidean space, the
hyperbolic space as well as their non-singular quotients such as the three-dimensional torus, T3. We
thus expect the intrinsic curvature tensor17 of the spatial universe near the beginning to have the
structure of the curvature tensor of one of the classical spaces of constant curvature.
To summarize the discussion in this subsection, McInnes found, by analyzing the potential-
dominated state of the inflaton field, that the origin of the arrow of time lies in the locally isotropic
spatial geometry of the early universe. As McInnes phrased it, low entropy of the early universe is
a geometrical property. The arrow of time is thus explained if we can account for this non-generic
geometrical feature of the early universe, as it would then be natural to expect the inflaton field to
be in a potential-dominated state.
7.2 “Creation from nothing”
Before I give the explanation as to why the early universe had non-generic geometrical features,
I first present the idea of “creation from nothing”. The idea that the universe might be literally
created from nothing was first proposed by Vilenkin in [35]. Vilenkin suggested that the birth of the
universe might be a quantum tunneling effect, and that the universe emerged with a finite size at
time t = 0. Before the emergence of the universe, or equivalently, the emergence of time, the metric
of the universe has Euclidean signature, i.e. {+,+,+,+}. We say that the universe, before time
emerges, has Euclidean metric. For t > 0, the metric has Lorentzian signature, i.e. {−,+,+,+} or
{+,−,−,−}, and we say that the universe has Lorentzian metric. Evidently, time is the dimension
corresponding to the ‘odd-one-out’ sign. The transition from Euclidean to Lorentzian metric takes
place at t = 0 along a spacelike hypersurface. Formally, the Lorentzian metric can be easily obtained
from the Euclidean metric by complexifying one coordinate and/or some other parameters of the
metric. The coordinate in the Euclidean metric that is to be complexified is known as Euclidean
time.
The well-known “no boundary” theory of Hartle and Hawking (see [36]) can also be interpreted
as a theory of the universe that is created from nothing. The “no boundary” theory, as its name
17It should be emphasized that the curvature tensor in question here is the intrinsic one because the extrinsic
curvature tensor, which is a measure of the time derivative of the embedded spatial manifold in spacetime, will be
mentioned below.
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suggests, assumes that the universe has no boundary. Based on techniques in quantum mechanics,
Hartle and Hawking created a wave function for the universe that describes all possible universes. In
their approach, the Euclidean spacetime, or the spacetime before time emerges, is simply a Euclidean
sphere.
Building on the ideas of Vilenkin and Hartle-Hawking, OVV had attempted in [1] to embed
the idea of “creation from nothing” in string theory. Instead of assuming that the universe has no
boundary, they assumed that the spatial sections of the early universe were topologically compact.
Such an assumption, as was emphasized by OVV, is particularly natural in the context of string
theory. Since the “hidden” dimensions for string theory in higher dimensions are always taken to be
compact, it is thus natural to expect compactness of the “visible” dimensions in string cosmology.
Dissimilar to Hartle and Hawking’s approach, who had began their analysis of the wave-function of
the universe by considering the Euclidean sphere, OVV actually began, from the study of a kind
of stringy black hole, with a negatively curved space with topology R × S1. They were led to a
two-dimensional Euclidean metric of the form:
g(H2/Z)OVV++ = dρ2 +K2e(2ρ/L)dτ2 (36)
ρ is a coordinate which runs along a line and τ is an angular coordinate giving position on a circle,
with radius K at ρ = 0. The constant L is a measure of the curvature of the space. R×S1 endowed
with metric (36) is called H2/Z.
In the study of the stringy black holes that OVV were considering, it is usual to interpret τ as the
Euclidean time. However, OVV noted that if ρ was to be taken to be the Euclidean time, the metric
would then describe, albeit with Euclidean signature, an exponentially expanding two-dimensional
cosmos with finite circular spatial sections. The latter interpretation, known as the cosmological
interpretation, is the one that allowed OVV to embed “creation from nothing” in string theory.
The generalization of the OVV metric (36) to the four-dimensional case was studied by McInnes
in [10]. The metric for the four-dimensional case is:
g(H4/Z3)OVV++++ = dt2 +K2e(2t/L)(dθ21 + dθ22 + dθ23) (37)
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The above is a metric on R × T3. t is a coordinate that runs from −∞ to +∞ while θ1,2,3 are
angular coordinates on a cubic torus. The cubic torus may be pictured as the interior of a box with
non-trivial topology; points on opposite sides of the box are topologically identified. If we consider
t as the Euclidean time, then metric (37) describes a spacetime with spatial sections each of which
is a copy of a torus.
To obtain the Lorenztian metric of the cosmological interpretation of the Euclidean metric (37),
we complexify both t and L18. Metric (37) then becomes
g(STdS4)−+++ = −dt2 +K2e(2t/L)[dθ21 + dθ22 + dθ23] (38)
The spactime described by the above metric is called the Spatially Toral de Sitter spacetime, STdS4.
It is the spatially flat version of Lorentzian de Sitter spacetime, with toral sections in {−,+,+,+}
signature.
McInnes suggested that the OVV version of “creation from nothing” in string theory can be
interpreted as follows: H4/Z3 and STdS4 are both truncated at t = 0 respectively. After the
truncation, for H4/Z3, t takes values in (−∞, 0] while for STdS4, t takes values in [0,+∞). As both
spaces are truncated along a three-dimensional torus consisting of circles of the same circumference,
they can be joined smoothly along this torus. The torus is the hypersurface where “creation from
nothing” takes place, or equivalently, where Euclidean geometry transits to Lorentzian geometry.
The construction for “creation from nothing” can be summarized by:
g(H4/Z3;−∞ < t ≤ 0)++++ → g(STdS4; 0 ≤ t < +∞)+−−− (39)
McInnes emphasized an important property of the toral spatial sections of the spacetimes described
by metrics (37) and (38) above: the toral spatial sections are flat. In other words, the spatial sections
of the universe differ from ordinary flat space only through their topology. This, he remarked, is
the reason why the metric contains two independent length scales, L and K. L is a measure of the
overall curvature of the spacetimes in four dimensions whereas K is a measure of the size of the
spatial sections.
18Another way of obtaining the Lorentzian metric is to introduce a “Euclidean conformal time”. Interested reader
can see [10] for the formulation.
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McInnes also remarked in [3] that it is not surprising that toral topology plays an important role
in string theory. This is due to the symmetry of T-duality in string theory. In brief, T-duality implies
that string theory defined on a torus with toral radius parameter K will describe the same physics,
albeit in a different manner, as that defined on a torus with toral radius parameter L2string/K,
where L2string is a fundamental parameter of string theory, the string length scale. As a result of
T-duality, physicists believe that it does not make sense for a torus to have toral radius parameter,
K, smaller than one string length. McInnes thus proposed the torus of minimal size, that is the one
with K being of one string length, as the surface along which time emerged.
This is a notable proposition in McInnes’ theory and as McInnes pointed out, there are three
significant implications. First of all, it implies that the universe came into existence with a size
given approximately by the string scale. The string scale is normally thought to be substantially
larger than the Planck scale, the size at which a theory of quantum gravity would be required to
explain the physics. Thus, if McInnes’ theory is true, we might not require quantum gravity to
obtain an approximately accurate depiction of what happened at the birth of the universe. The
theory would, however, still be useful in studying the small, perturbative effects that were present.
The second implication is that the string scale is smaller than the scale at which inflation begins.
However, the properties of toral topology, as detailed in [9], imply that there would be no cosmic
horizon when the size of the universe is small. All spatial points would remain in causal contact
until the universe has expanded to a size where inflation can begin. Thereafter, cosmic horizon will
form but the homogeneity and isotropy of space will be preserved. The last implication is that the
existence of a minimal spacelike surface naturally enables the initial singularity in the FRW model
to be circumvented. However, McInnes highlighted that toral cosmology can only be non-singular if
the Null Energy Condition (NEC) is violated. The NEC is the condition that, for all future pointing
null vector fields kµ, the energy-momentum tensor should satisfy Tµνkµkν ≥ 0. The NEC is violated
if exotic matter exists. Since exotic matter is also required in the formation of baby universes,
McInnes’ theory postulates the existence of exotic matter which would enable NEC to be violated
and cosmological singularities to be avoided.
To summarize the discussion thus far, it had been explained that “creation from nothing” in the
context of string theory would evade the initial singularity associated with the FRW model as well
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as all cosmological singularities, such as black holes, if exotic matter exists. However, the discussion
has been based on the assumption that the spatial geometry of the universe at the beginning is that
of a flat torus, which is of course, everywhere locally isotropic. In order to explain the arrow of
time, this assumption needs to be discarded. McInnes pointed out in [3] that it is hoped that when
the OVV wave function of the universe is eventually constructed, it would show that the universe
is overwhelmingly most probable to come into existence with the spatial geometry of a flat torus.
However, the construction of the OVV wave function is as yet uncomplete. Nonetheless, McInnes
proposed an indirect method to seek the spatial geometry of the initial universe. His strategy is to
first assume that the universe was created along a minimal spacelike hypersurface with the topology,
but not necessary the geometry, of a flat torus. The spatial hypersurfaces near to the boundary of
creation on the Euclidean side will then have metrics given by
g(hab,K, L) = dt2 +K2h(t/L, θc)abdθadθb (40)
where h(t/L, θc)ab is a completely generic metric on the torus labeled by t. The dependence of
the metrics on t is such that the spatial hypersurface at t = 0 must be minimal. The spacetimes
on the Lorentzian sides are obtained by complexifying t and L. With this general assumption of
spatial topology of a torus, McInnes suggested that by analyzing the initial value problem of general
relativity, we would find that the corresponding constraint equations would force the toral spatial
section at the creation to be exactly flat. We now turn our attention to McInnes’ analysis of the
general relativistic initial value problem.
7.3 Initial value problem for general relativity and “creation from noth-
ing”
In Newtonian physics, it is natural, and possible, to consider the dynamical evolution of the universe
because time and space are considered as separate entities. We can “run time forward” and see how
space evolves according to the Newtonian dynamical laws. However, to speak of the dynamical
evolution of the universe in the context of general relativity appears highly unnatural since space
and time are now considered as one single entity; how is it possible to “run time forward” when we
69
do not know the spacetime structure initially? The unnaturalness of dynamical evolutions in general
relativity is resolved by its initial value theory.
The initial value problem for general relativity is formulated as follows (see Chapter 10 of [15] for
a comprehensive review): One begins with a three-dimensional manifold N equipped with a metric
h, a symmetric tensor K of degree two, a function ρ and a three-dimensional vector field J , together
with data for the ‘matter fields’. If one then proceeds to solve for the Einstein field equations
with the given initial data, a solution will, in general, not be found. Well-behaved solutions to the
Einstein field equations only exist if the initial data satisfy the follow two equations, which have
been expressed using tensorial index notations:
Da(Kab −Kcchab) = −8piJb
R(h) + (Kaa )
2 −KabKab = 16piρ (41)
The above two equations are known as the initial value constraints. Da is the covariant derivative
operator and R(h) is the scalar curvature of the metric h.
As McInnes noted in [9], one does not know the meaning of Kab, ρ and Ja initially. However,
after the solutions to the Einstein field equations have been found, one would realize retrospectively
that N is a spacelike hypersurface of the spacetime solution with induced metric hab and extrinsic
curvature Kab. The extrinsic curvature measures the rate of change of the metric on N . If one
denotes the unit timelike vector field normal to N as nµ, one would find that Ja is in fact the
projection into N of the vector field −Tµν nν , where −Tµν nν is the energy-momentum flux vector
as seen by a family of observers with unit tangent nµ. Subsequently, one would also realize that
ρ = Tµνnµnν , so that ρ is simply the energy density of the matter fields on N , as measured by these
observers.
The fact that the prescribed initial data only obtain physical meaning after the Einstein field
equations have been solved suggests that the initial value constraints (41) are strictly acausal. As
McInnes emphasized in [3], the two constraint equations should not be considered as relations which
arose due to the matter fields interacting with one another. It is by the presumed existence of the
subsequent spacetime that these constraints are imposed so as to obtain a structure consistent with
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the Einstein field equations. If the principle that spacetime structure should not lead to acausal
relations holds, then it is only natural to consider the constraints (41) as “laws of nature”. However,
these constraints are usually not held in such high regard.
McInnes explained that this is so because the constraint equations did not appear capable to
greatly restrict the possible spatial geometry of the universe when it has the topology of a three-
dimensional sphere. He illustrated his explanation by citing the example of Hartle and Hawking’s “no
boundary” theory, in which the universe is created along a spatial section with vanishing extrinsic
curvature and with topology of a sphere. In this case, the second equation in (41) becomes
R(h) = 16piρ (42)
The above modified constraint implies that the scalar curvature and the initial energy density cannot
be prescribed independently. The question that was raised by McInnes is if this constraint represents
much of a restriction. For instance, can a metric that satisfies (42) always be found if the right
hand side of the equation is a non-negative function on the three-dimensional sphere? As McInnes
highlighted in [9], the answer to this question lies in the Kazdan-Warner (KW) classification:
Theorem 7.1 (Kazdan-Warner Classification). All compact manifolds of dimension at least
three fall into precisely one of the following three classes:
P: On these manifolds, every smooth function is the scalar curvature of some Riemannian metric.
Z: On these manifolds, a smooth function can be a scalar curvature of some Riemannian metric if
and only if it either takes a negative value somewhere, or is identically zero.
N: On these manifolds, a smooth function can be a scalar curvature of some Riemannian metric if
and only if it takes a negative value somewhere.
It is obvious that spheres do have a metric of strictly positive scalar curvature. By the KW
classification theorem, it follows that all spheres of dimensions at least three belong to KW class
P. As a result, no matter how complicated the energy density function is, we can always find a
metric on a three-dimensional sphere which can always satisfy constraint (42). The constraints thus
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appear unworthy of the title of “laws of nature” since the geometry of the three sphere is so weakly
restricted by them.
Our discussion so far in this subsection has been on the initial value problem for general relativity.
To extend it to the initial value problem for “creation from nothing” as well as to explain the arrow
of time, McInnes argued that it is required to make some physical assumptions. In particular, it
is necessary to define the creation and destruction of a universe in mathematical terms. McInnes
conjectured that the creation and destruction of a universe can be mathematically formulated as
follows: Let N be the hypersurface at the creation of the universe, nµ the inward pointing unit
normal vector field to N and Tµ the energy-momentum flux vector field as seen by the family of
observers with unit tangent nµ. Then Tµ projected on nµ is parallel to nµ, i.e. it points inwards
when evaluated on N . On the other hand, if N is the hypersurface at the destruction of a universe,
then Tµ projected on nµ is antiparallel with nµ. The evaluation of Tµ on N points outwards.
McInnes’ conjecture above was motivated by the nucleation and destruction of baby universes
in the string landscape (see §7.5 below for more details). He noted that the conjecture had not
been proven by his discussion in [3] and he believed a more thorough understanding of the “creation
from nothing” process is required in order to mathematically represent the creation and destruction
of a universe. Nonetheless, McInnes stressed that the assumptions that he postulated regarding
the general directions of the energy-momentum flux vectors are in fact, very weak, especially when
compared to the geometry of N which he seeks to find. Furthermore, these conditions are only
imposed at the creation and destruction of the universe, not on the bulk of spacetime. The weakness
of the assumptions, he emphasized, are important as it meant that his theory is robust.
As a conclusion to the discussion in this subsection, I summarize that the initial value problem for
“creation from nothing” is an extension of the initial value problem for general relativity. There is,
however, an additional conjecture, or assumption, on the general directions of the energy-momentum
flux vectors on the spacelike hypersurface, inward pointing or outward pointing, at the moment of
creation or destruction of the universe.
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7.4 Specialness of toral topology
I recap that McInnes’ theory involves the universe being created on a minimal-volume spacelike
hypersurface with metric given by (40). The surface of creation has topology of a three-dimensional
torus. Apart from the fact that its overall length scale is approximately the string length scale, its
geometry is, a priori, unknown. To explain the arrow of time, it is then necessary to explain why the
geometry of the torus was not generic (a generic torus is one that is highly irregular) but exhibits
the property of local isotropy, so that the inflaton field can be put in a potential-dominated state as
explained in §7.1 above.
McInnes’ conjecture that the projection of the energy-momentum flux vector, Tµ, as defined by
the inward-pointing normal vector field nµ of the surface of creation, N , must never point outwards
is crucial in his explanation of the arrow of time. Specifically, such an assumption implies that
ρ ≥ 0 (43)
along N since ρ is the time-component of Tµ as measured by the family of observers with tangent
vectors nµ.
By substituting (43) and the requirement that Kaa = 0 for a minimal surface
19 into the second
constraint in (41), McInnes obtained
R(h) = KabKab + 16piρ ≥ 0 (44)
The above constraint on the metric on N - as expressed through its constraint on the scalar curvature
of the metric - holds because KabKab is just the sum of squares of the components of the extrinsic
curvature tensor and thus will be greater than or equal to zero. McInnes highlighted that the above
constraint, obtained by making use of his weak assumption that Tµ evaluated on N at the moment
of creation should be pointing inwards, is in general, a weak constraint on the metric. This is because
the scalar curvature at a point is simply a constant multiple of the average of the curvatures of the
19This is a general result in Riemannian geometry. Recall that the rate of change of the metric along a surface is
given by the extrinsic curvature tensor Kab . A surface is said to be minimal if the trace of the extrinsic curvature
vanishes, i.e. Kaa = 0.
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manifold in different directions along which space is sliced. This is not much of a constraint on the
geometry of the manifold since at a point, the manifold can easily be positively curved in many
directions but extremely negatively curved in one direction so that the scalar curvature, which is the
average of all these curvatures, is negative. For instance, as was explained in §7.3, the geometry of a
topological sphere is unrestricted by such a constraint. However, McInnes noted that (44) actually
becomes a very strong constraint on the metric of N when N has topology of a torus. His insight
was derived by studying two geometrical theorems, one by Schoen, Yau, Gromov and Lawson(see
[37] and [38] page 306) and the other by Bourguignon, Gromov and Lawson (see [38] page 308). The
two theorems were summarized by McInnes in [3] into a single theorem as follows:
Theorem 7.2 (Schoen-Yau-Gromov-Lawson-Bourguignon). Consider the set of all possible
Riemannian metrics on any torus. In this set, the only metrics with everywhere non-negative scalar
curvature are those which are perfectly flat; that is, their full curvature tensor vanishes exactly.
The above theorem is termed the SYGLB theorem by McInnes. Its proof is extremely technical
and made use of techniques originally derived in physics such as the Dirac operators and spin
geometry.
McInnes noted that the SYGLB theorem is astonishing for three reasons: (i) It applies for all
geometries of the torus; (ii) It implies that the curvatures at every single point of a torus can never
average out to a positive value - if the average of the curvatures are non-negative, then each and
every curvature must vanish exactly; and (iii) it implies that there must be a special relationship
between the topology of a torus and its curvature tensor since there is no similar result for spherical
topology.
By the SYGLB theorem, the initial value inequality constraint (44) becomes an equality con-
straint
R(h) = KabKab + 16piρ = 0 (45)
The scalar curvature at every point of N must now be zero. In the context of McInnes’ theory for
the arrow of time, the universe thus came into existence along a spacelike surface which had the
topology of a torus and, by the initial value constraint, it had to be exactly flat, i.e. it was everywhere
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locally isotropic. The explanation for the arrow of time, however, remains incomplete. Recall that
McInnes’ theory was motivated by the need to explain the low entropy potential-dominated state of
the inflaton field. He suggested that an everywhere locally isotropic spatial geometry of the universe
can force the inflaton field’s time and spatial derivatives to become negligible, so that it is indeed the
potential that dominates its energy-momentum tensor. How an everywhere locally isotropic spatial
geometry can put an inflaton field in its potential-dominated state can be concretely explained as
follows.
First, from (45), we see that not only the scalar curvature must be zero, KabKab + 16piρ must
also equal zero. However, since the latter expression is a sum of non-negative terms, the only way
it can be zero is if all the terms are zero. We thus have
Kab = 0 (46)
The extrinsic curvature of N must also vanish at the moment of creation. This vanishing of the
extrinsic curvature fixes the initial “time derivative” of the metric; it is zero. With this, we have
a complete set of initial conditions for the Einstein’s field equations. Furthermore, as explained
by McInnes in [3], the vanishing of the extrinsic curvature implies that the initial moment was a
moment of time symmetry and classically, this implies that the time derivative of the inflaton field
has to vanish. Quantum effects may lead to the time derivatives of the inflaton field being non-zero,
but they would still be very small. Such conditions are in accordance with the theory of inflation
since the inflaton field needs to ‘slow-roll’ down a potential hill.
Next, substituting (46) into the first equation in (41), we obtain
Ja = 0 (47)
Ja, as explained in §7.3, is the projection into N of the energy-momentum flux vector. The vanishing
of Ja implies that energy cannot flow in any direction at any point of N . In other words, the
spatial derivatives of the inflaton field are zero; the inflaton field is distributed uniformly over N .
The inflaton field is thus put in a potential-dominated state as a result of the non-generic spatial
geometry of the initial universe.
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From (45), it should also be noted that ρ = 0 at the moment of creation of the universe. As
McInnes pointed out, this suggests that there exists some form of exotic matter with negative energy
density which exactly cancels out the positive energy density of the inflaton field at the moment
of creation. The existence of exotic matter is exactly what McInnes needs, as explained in §7.2, so
that there would be no cosmological singularities in his theory and baby universes can nucleate. His
speculations on the identity of this exotic matter can be found in [9]. McInnes noted that although
energy density is exactly zero at the moment of creation, “primodial pressure” might be negative
under reasonable conditions. This means that it is possible for the universe to undergo a period of
expansion under the influence of the negative “primordial pressure” until it is suitably large enough
for inflation to begin.
McInnes also highlighted that there exists no other compact three-dimensional manifolds that has
a theorem analogous to the SYGLB theorem of the torus. This is due to various theorems from Gro-
mov, Lawson, Perelman and Milnor (see [9] for details). In brief, all other compact three-dimensional
manifolds cannot have a SYGLB-like theorem because they either can support arbitrarily irregular
metrics with any non-negative scalar curvature function like the sphere, or no matter how they
deformed, they can never have a metric with non-negative scalar curvature. This implies that the
only universe that can have an arrow of time is the one that came into existence with the spatial
topology of a torus.
Although I have yet to discuss the formation of baby universes in McInnes’ theory in details, his
explanation for the arrow of time should now be clear. The universe came into existence with the
spatial geometry of a flat torus. The inflaton field is in a potential-dominated state and the universe
eventually undergoes inflation. Baby universes are nucleated in the process, inheriting the arrow of
time from the initial universe, Eve.
7.5 Eve and her baby universes
In McInnes’ theory, the string landscape is supposed to be populated by baby universes born ac-
cording to the process proposed by Coleman and de Luccia in [39]. Coleman-de Luccia babies have
three distinct properties.
Firstly, the births of these baby universes reduce the value of the vacuum energy. Secondly,
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when the right amount of vacuum energy is present, Coleman-de Luccia babies can nucleate in a
small region of space and expand very quickly into the mother spacetime at a rate approaching
the speed of light. In a manner similar to the usual discussion of length contraction in special
relativity, differences between the lengths measured in a baby universe and that measured in the
outside universe will increase with time. It is thus possible that the baby universe can eventually
have infinitely large spatial sections. Thirdly, when perturbations are ignored, each spatial section
of the baby universe is a space of constant negative curvature.
It is instructive to remark here that McInnes’ conjecture on the general directions of the energy-
momentum flux vector field, Tµ, evaluated on the surface of creation and destruction was in a large
part, motivated by the nucleation of Coleman-de Luccia baby universes. As McInnes explained in
[3], some baby universes nucleated in the landscape might have negative vacuum energy. This occurs
when its vacuum energy is reduced to a value lower than the desired cosmological constant during
the nucleation process. A baby universe with negative vacuum energy will expand at first, but it
will eventually contract and classically, terminate in a singularity. McInnes assumed that a string-
theoretic treatment might be able to avoid the singularity by having the baby universe contract to
a minimal spacelike surface, along which time “submerges” (as opposed to emerges). He supposed
also that the constraint equations (41) apply equally at this point of time. Then substituting the
minimality condition, Kaa = 0 into the second equation of (41), we obtain
16piρ = R(h)−KabKab (48)
By the third property of Coleman-de Luccia baby universes, R(h) < 0 if perturbations are ignored.
Also, KabKab ≥ 0 since it is just a sum of squares. It follows that the right-hand side of (48) is
negative, so that the energy density, ρ, at the moment at which time “submerges” is negative. Since
ρ is the time component of Tµ as measured by observers with inward pointing tangent vectors, a
negative ρ implies Tµ points outwards. As McInnes noted, this discussion justifies his conjecture
that Tµ points outwards at the destruction of the universe.
Moreover, it should also be remarked that Coleman-de Luccia baby universes remain connected
to the mother universe, unlike Farhi-Guth baby universes - the type of baby universes that are
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postulated to populate the universe on the ultra-large-scales in Carroll and Chen’s theory - which
eventually become disconnected after the severing of the wormhole. Since Coleman-de Luccia baby
universes can have infinitely large spatial sections, it is expected that if the mother universe contain
any anisotropies, this information will eventually be communicated to the baby universes.
McInnes also emphasized that the Second Law of Thermodynamics applies for the nucleation of
baby universes. A baby universe can have low entropy only if the mother universe has lower entropy.
This means that baby universes only have an arrow of time if it inherits the arrow from its mother
universe. Tracing back in time, this suggests that our observable universe has an arrow of time only
if the initial universe has an arrow of time. The initial universe is Eve.
I now can summarize McInnes’ theory for the arrow of time: Eve came into existence via a
“creation from nothing” process. By the initial value constraint equations and the SYGLB theorem,
the spatial topology of Eve has to be that of a torus so that its spatial geometry is non-generic, i.e.
exactly flat and thus, everywhere locally isotropic. The non-generic spatial geometry of Eve is the
reason behind its low entropy. This non-generic spatial geometry forces the inflaton field to be in a
potential-dominated state. Eve would eventually undergo inflation and give birth to baby universes.
Our observable universe is a region of spacetime inside one of these baby universes.
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8 Spontaneous inflation or toral topology?
Now that I have presented both Carroll and Chen’s theory of spontaneous inflation and McInnes’
theory of toral topology, it is time to deliberate which theory actually provides a more satisfactory
and plausible account for the origin of the arrow of time. In all fairness to Carroll, Chen and McInnes,
the mathematical tools required for a complete understanding of the arrow of time are not fully
developed at present. Despite this major obstacle, they have developed general frameworks on which
the arrow of time may be explained. It is with regards to the general frameworks they proposed,
rather than the mathematical details, that I will compare the two theories. In the following, I will
first summarize McInnes’ misgivings, which he had highlighted in [3], towards the validity of Carroll
and Chen’s theory. In effect, McInnes had referred to Carroll and Chen’s theory in [3] and he had
raised some doubts with regards to the plausibility of the theory in explaining the arrow of time.
Next, based on the three criteria that were listed at the end of §5 above, I compare the merits and
demerits of the two theories. I conclude this section by stating which of the two theories I believe
better account for the arrow of time and I give my reasons.
There were two main criticisms levied against Carroll and Chen’s theory of spontaneous inflation
by McInnes. Firstly, McInnes believed that Carroll and Chen’s explanation for the arrow of time is
effectively a “just wait” argument. The universe in Carroll and Chen’s theory is eternal - both to
the future and to the past. Baby universes of the Farhi-Guth type, which resemble our observable
universe, can nucleate as a result of a simultaneous thermal fluctuation of the inflaton field and
quantum fluctuation of space provided we wait long enough. As I noted in §6,2 above, Carroll and
Chen had approximated that the probability that a baby universe can nucleate in their theory is
10−10
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. Such a small probability does not deter baby universes from nucleating in their theory
since the universe has ample, in fact, infinite amount time to wait for nucleation to take place via
random fluctuations. However, as highlighted by McInnes in [3], the “just wait” approach is fraught
with many problems. First of all, McInnes pointed out that it is still unclear whether all microstates
in the phase space of a physical system will be visited even if time and space is infinite. Secondly,
most physical systems have finite characteristic time and length scales. For instance, there appears
to be finite characteristic time scale in string theory. The string vacua in the string landscape
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which may evolve to a universe like ours are believed to be metastable; they do not remain in the
vacuum state forever. Thus, while waiting for the sort of extremely rare fluctuations like those
required in Carroll and Chen’s theory to occur, it would be more probable that the string vacua
have evolved to some other states as a result of those more likely fluctuations. Thirdly, when a
seemingly improbable phenomenon is observed in the universe, it is natural for scientists to try and
explain the phenomenon as an unavoidable consequence of some laws of nature. Once this is done,
we say that we understand why the phenomenon is observed. Scientists certainly do not have the
habits of explaining phenomena by attributing them to some random fluctuations of the universe,
unless there is really no alternative way of explanation (which might or might not be the case with
the low entropic initial conditions of our universe). Thus, the adoption of a “just wait” argument in
Carroll and Chen’s theory is, in my opinion as well, a major flaw.
The second criticism that McInnes has of Carroll and Chen’s theory is that it invokes the mech-
anisms proposed by Farhi and Guth in [32] for the nucleation of baby universes. McInnes pointed
out that the plausibility of Farhi-Guth baby universes in string theory has been strongly challenged
in [40]. Since string theory is expected to provide us with a complete theory of quantum gravity, any
theory with features incompatible with string theory is unlikely to provide plausible explanations
to the arrow of time. Furthermore, as I noted in §6.2 above, Carroll had claimed in [16] that the
nucleation of baby universes in his and Chen’s theory is supposed to be a “tranquil” process and
baby universes can come into existence with low entropy. However, McInnes pointed out in [3] that
the birth of baby universes is, in fact, a “traumatic” event. Baby universes are expected to develop
anistropies when they nucleate. This means that typically, their entropy would not be expected to
be low after they have nucleated and as a result, they should not have an arrow of time. Since the
mechanisms involved in the nucleation of baby universes are technical issues which remain unclear,
I choose to ignore them when I compare the merits of both theories.
I now evaluate the two theories based on the three criteria that I had proposed at the end of §5.
Convincing explanation on why the initial state of universe should be completely random or non-
generic
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I have mentioned in §1 that it is the popular trend among cosmologists these days to explain the
arrow of time by postulating that the initial state of the universe is “arbitrary” chosen. This means
that initially, the universe is in a high entropy state and dynamical evolution contrives to create a
patch of spacetime of low entropy for which an arrow of time is then subsequently observed. This
approach to accounting for the origin of the arrow of time is the first approach suggested by Wald in
[6]. Carroll and Chen’s theory is an example of this approach20. The second approach suggested by
Wald is to postulate that the initial state of the universe is simply non-generic, and then explain why
this might be the case. Wald admitted himself that he did not know what physical laws can be used
to explain the initial state of the universe, if it is truly special. McInnes provided a suggestion in his
theory: a combination of “creation from nothing” and initial value problem for gravity. McInnes’
theory is an example of Wald’s second approach in explaining the arrow of time.
Although most cosmologists favor Wald’s first approach, I am of the opinion that a theory which
assumes that the universe is initially in an arbitrary state will not be, in any manner, any more
plausible than a theory in which the universe began in a special state unless the theory could
explain why the initial state of the universe has to be arbitrarily chosen. The popularity of Wald’s
first approach stems from, what I think, is a misconceived “belief” among some cosmologists that if
a universe is postulated to have begun in a generic state, there is then no need to explain why this
might be so. This point of view is perhaps best expressed through the example that McInnes cited
in page 2 of [3].
Suppose a game official enters a room and finds a single dart on the bullseye. The game official
might suspect that the competitor has cheated. The competitor might have cheated by placing some
sort of magnetic devise behind the dartboard so that the dart is always attracted to the bullseye.
Alternatively, he might have launched, say 1000 darts, so that it is more probable that at least one
would land on the bullseye. If the game official finds a magnetic devise behind the dartboard, then
he can be convinced that it is overwhelmingly likely that the competitor has cheated in this manner.
Similarly, if he finds a crate with 999 darts in it (the 1000th dart is of course, on the dartboard),
then he might believe that the competitor has cheated by launching 1000 darts in total, when he is
20Strictly speaking, there is no notion of “initial” in Carroll and Chen’s theory since the universe is postulated to
be eternal. However, their theory has been formulated by considering the natural dynamical evolution of a universe
that had “started” in any arbitrary state. It is thus reasonable to categorize it as an example of Wald’s first approach.
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only entitled to one. If the game official finds neither the magnetic devise nor the crate of 999 darts,
then he has no right to believe that the competitor had favored one cheating method over the other.
In the above example, Carroll and Chen’s theory is analogous to the method of launching 1000
darts while McInnes’ theory is analogous to the method of using a magnetic devise. In their theory,
Carroll and Chen did not explain why the universe should “begin” in an arbitrary state analogous
to the above example in that there is no proof that the game official had found the crate of 999
darts. Thus, there is no convincing reason to believe that the universe would have begun in an
arbitrary state. On the other hand, McInnes explained that he had found the “magnetic devise”
in the account for the origin of the arrow of time. This “magnetic devise” is none other than the
initial value constraint equations in general relativity. These equations force the spatial geometry
of the initial universe to be that of a flat torus - it cannot be the topology of any other compact
three-dimensional manifolds since they do not have any theorem that is analogous to the SYGLB
theorem - so that an arrow of time can exist. McInnes’ theory thus satisfies the first criteria that I
had proposed but Carroll and Chen’s theory does not.
Proof in the theoretical framework that intellectual observers are more likely to exist in a ther-
modynamically sensible universe like ours instead of other spaces in the universe
There are possibly many ways in which the arrow of time can be explained in a mathematically
consistent and physically viable manner. This second criteria is proposed because in the event that
two distinct theories which are equally viable in explaining the arrow of time are put forth, I believe
that the more satisfactory theory will be the one which can show that it is more probable that
intellectual observers would exist in a universe like ours instead of in other spaces in the universe.
Although there is clearly an anthropic element in this criteria, I do not think we should shun from
the fact that a theory for the arrow of time should in some way, explain why intellectual observers
like human beings exist in a thermodynamically sensible environment with a distinct thermodynamic
arrow of time similar to our observable universe.
This criteria is particularly pertinent to theories which invoke quantum fluctuations as a means
of starting inflation or of nucleating baby universes, such as Carroll and Chen’s theory. When fluc-
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tuations are involved in the theory, one has to inevitably address the issue as to why it more likely
that fluctuations would lead to, for instance, the onset of inflation so that the subsequent evolution
of the universe is consistent with our cosmological data rather than the universe as we know of today
being fluctuated right into existence. In [7], Carroll and Chen acknowledged the need to compare
the probabilities of intellectual observers being fluctuated into existence in an high-entropic environ-
ment with no arrow of time and that of intellectual observers living in a thermodynamically sensible
universe like ours. However, they noted that they do not yet have the mathematical tools required
to compute these probabilities. This criteria is not addressed by McInnes in his theory. However, in
all fairness to him, inflation in his theory does not begin due to some form of fluctuations leading to
the potential-dominated state of the inflaton field. Instead, it is the special spatial geometry of the
initial universe that will force the inflaton field to be potential-dominated. Inflation will inevitably
begin, or equivalently, the probability of inflation starting is almost surely one. Nonetheless, our
universe is supposed to be a patch of spacetime in one of the Coleman-de Luccia baby universes.
It is unclear in McInnes’ theory what is the probability that the nucleation of Coleman-de Luccia
baby universes will lead to a region of spacetime similar to our observable universe, and if in fact,
inflation would take place in these baby universes.
Adherence to the double standard principle
The last criteria that a satisfactory and plausible account of the arrow of time should fulfill is
the adherence to the double standard principle proposed by Price. This means that any theory for
the arrow of time which admits time-symmetrical dynamical laws of physics should not treat the
initial conditions of the universe any different from the final conditions.
Carroll and Chen’s theory clearly satisfies the double standard principle. As shown in §6.3, the
universe on the ultra-large-scales in their theory is time-symmetrical about the “initial” state of the
universe.
On the other hand, the adherence to the double standard principle is not as obvious in McInnes’
theory. The evolution of the universe persistently increases the overall entropy of the system despite
the admission of time-symmetrical dynamical laws. In [9] and [3], McInnes took pains to explain
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that his theory had not violated the double standard principle; he had not treated the moment of
creation of the universe any differently from its moments of destruction (collapse of baby universes
or formation of black holes). To illustrate, the universe evolved according to time-symmetrical
laws and the constraint equations (41) apply equally at the moment of creation as well as the
moments of destruction. A universe is created along a minimal spacelike surface and would also
be destroyed, if it is ever destroyed, along a minimal spacelike surface. At creation, the evaluation
of the energy-momentum flux vector on the minimal surface of creation points inwards while at
destruction, it points outwards. As such, the spacelike hypersurface on which the evaluation of the
energy-momentum flux vector is zero can be interpreted as the surface about which the evolution of
the universe is time-symmetrical. From my discussion thus far, it should be clear that the moments
of creation and destruction in McInnes’ theory have not been treated any differently. Why then
is the entropy of the universe at the moment of creation low while its entropy at the moments of
destruction high?
McInnes suggested that the answer can be found if we consider what happens at the destruction
end of a universe. As an example, consider what happens when a baby universe is destroyed. As
mentioned in §7.5, the energy density of the universe will be negative. Since, the spatial section of
the baby universe will not have toral topology, the SYGLB theorem cannot be applied and there is
no reason to believe that the geometry of the spatial section at the moment of destruction of baby
universes will be in any way “special”. When black holes are formed, it could also be argued that
the region of spacetime is destroyed. Similar to the case of destruction of baby universes, the spatial
section inside the black hole also do not have toral topology. By similar arguments, the entropy of
black holes will also be high. McInnes also considered what happened when a universe with toral
topology is destroyed. This, he emphasized, is an hypothetical example since the only universe with
toral topology in his theory is Eve and Eve is never destroyed. At the destruction of a toral universe,
its energy density will be negative. The scalar curvature of the spatial metric, R(h), as given by
the second equation in (41), will then be a sum of a non-negative term and a negative term. This
means that R(h) can be of either sign and the SYGLB theorem cannot be applied. For simplicity,
we can assume that the universe has vanishing extrinsic curvature at destruction. This implies that
R(h) < 0 at destruction. As noted by McInnes in [3], the following theorem can be formulated as
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an immediate consequence of the KW classification in Theorem 7.1:
Theorem 8.1. Let M be any compact manifold of dimension at least 3, and let f be any scalar
function on M such that f is negative somewhere on M . Then, there exists a Riemannian metric
on M having f as its scalar curvature.
The above theorem implies that the constraint equations do not restrict the spatial geometry
of the universe, even when its topology is toral, as long as the scalar curvature is negative. For
toral topology, the case of negative scalar curvature differs greatly from that of non-negative scalar
curvature. McInnes thus explained that the arrow of time exists largely due to the great asymmetry
between the space of toral metrics with non-negative scalar curvature and the space of toral met-
rics with negative scalar curvature. The former consists only of flat metrics while the latter can,
essentially, consist of any metrics satisfying toral topology.
I am convinced by McInnes’ argument in [3] that his theory indeed does not violate the double
standard principle. Thus, both theories presented in this thesis have fully respected the need to
treat the initial and final conditions on equal footing in their explanations of the arrow of time.
In view of my comparisons of the two theories in this section, I believe that McInnes’ theory pro-
vides a more satisfactory and plausible explanation to the arrow of time. While both theories do not
violate the double standard principle, McInnes’ theory is more complete because it clearly explains
why and how the initial state of the universe is special. Although Carroll and Chen considered the
“initial” state of the universe to be arbitrary chosen, there is no evidence that our universe was ever
in a state of high entropy in the past. It is thus not clear for me what is the merit of assuming an
arbitrary initial state of the universe in explaining the arrow of time. Moreover, Carroll and Chen’s
theory is essentially a “just wait” approach to accounting for the origin of the arrow of time. As
explained above, the applicability of such an approach has been criticized for various reasons. For
a theory that invokes random fluctuations to account for the low entropy of the universe, I find
it necessary that the theory should justify why intellectual observers like us exist in a thermody-
namically sensible environment rather than in any other parts of space without an arrow of time.
This justification is not found in Carroll and Chen’s theory. McInnes’ theory, on the other hand,
does not invoke fluctuation to account for the low entropy of the inflaton field. The inflaton field is
forced to be in a potential-dominated state by the non-generic, i.e. everywhere locally isotropic with
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toral topology, spatial geometry of the initial universe. In turn, this non-generic spatial geometry is
carefully picked out by examining the initial value problem for general relativity, a physical theory
whose accuracy in explaining the many cosmological phenomena in our universe had been verified
by many observational data. The idea behind McInnes’ theory is rooted in geometry, and the theory
as a whole, is mathematically consistent and physically viable.
It is perhaps fitting to mention here that McInnes’ theory is not without flaws. In particular,
baby universes nucleated in his theory are causally connected to the mother universe. This means
that any anisotropy in the mother universe will be communicated to the babies. Since it is expected
that most baby universes that nucleate will eventually contract and be destructed, the amount of
anistropy in the mother universe will increase with time. If our observable universe is indeed a region
of spacetime embedded in one of the baby universes, we would expect to receive information on these
anistropic features of the mother universe. However, our observable universe appears to be largely
homogeneous and isotropic. In addition, although it is clear that the initial universe, Eve, would
undergo inflation in McInnes’ theory, it is unclear if the baby universes would undergo inflation, i.e.
if the inflaton field on the baby universes would be in a potential-dominated state. All these details
are what I believe could be better addressed in McInnes’ theory. Nonetheless, as I had mentioned at
the beginning of this section, it is regarding the general framework of the theories that I will judge
their plausibility. I am thus of the view that the approach adopted in McInnes’ theory is more likely
to lead to a true explanation for the arrow of time and the initial universe is indeed special.
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9 Conclusion
The two theories presented in this thesis have adopted distinctly different approaches in their account
for the origin of the arrow of time. Carroll and Chen’s theory begins by defining the most natural
dynamical evolution of an arbitrary state of the universe, which is the approach to an almost empty
de-Sitter space. Due to thermal fluctuations of the inflaton field and quantum fluctuations of space,
baby universes that are disconnected from the mother universe will be produced with a local arrow
of time. The universe, in their theory, is eternal. On the other hand, McInnes’ theory suggests
that the universe is not past eternal. There really is a beginning; the initial universe, as well as
time, emerges via “creation from nothing”. The spatial geometry of the initial universe can only be
that of a flat torus if an arrow of time is to be exhibited and the initial value constraint equations
for general relativity are to be satisfied. A flat torus represents a non-generic geometry, and is the
reason why the initial universe has low entropy and is capable of giving rise to an arrow of time.
Comparing the two theories based on the three criteria I listed at the end of §5, as well as taking
into account McInnes’ misgivings towards Carroll and Chen’s theory, which he mentioned in [3], I find
that McInnes’ theory provides a more satisfactory and plausible account for the origin of the arrow of
time. Ever since Einstein introduced his theory of general relativity, it is believed by most students
of science, us included, that geometry plays a central role in influencing the many phenomena that
we observe in our universe. McInnes’ theory clearly demonstrates how the spatial geometry of the
initial universe might be responsible for its low entropy. His theory, which incorporates the idea of
“creation from nothing” in the string theory context, the initial value problem for general relativity
as well as many deep theorems from differential geometry, provides a detailed yet mathematically
and physically consistent picture of the mysterious initial universe, with an unavoidable arrow of
time subsequently arising because of its non-generic spatial geometry. Although Carroll and Chen’s
theory paints a much more aesthetically-pleasing picture of the evolution of our universe on the ultra-
large-scales as compared to McInnes’ theory (see Figure 8), their theory is unlikely to be plausible
because it invokes the much-flawed “just wait” approach.
Although the technical details in both theories are incomplete and the theories may contain
flaws, they represent nonetheless commendable efforts from Carroll, Chen and McInnes to attempt
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an explanation for the old, puzzling phenomenon of the arrow of time, which till today, continues to
baﬄe cosmologists. I hope that this thesis has highlighted to the reader the many subtleties involved
in explaining the arrow of time, convinced the reader that even though accounting for the arrow is
a difficult task, it is (hopefully) not insurmountable and the two theories presented as well as the
discussions in §5 can give the reader an idea on the different approaches that may be adopted in
explaining the arrow. As greater developments are made in the domain of string theory and greater
understanding is attained regarding the mechanisms of baby universes’ nucleation, it is my hope
that more inroads can be made to further our understanding of the arrow of time.
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